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#Synopsis
To study form s in plants and other living organisms I present a unifying geom etrical 
approach fo r describing various abstract, natural and man-made shapes. Starting from 
Lame’s superellipses and supercircles, a large varie ty of shapes can be described by a 
single geometrical equation. M odification of the parameters permits the generation of 
various superpolygons. Combining these equations w ith logarithm ic, trigonom etric or 
other functions generates supershapes  and modifies the distance measures of these 
functions and all associated graphs, also in higher dimensions. The title  'U niversal 
Natural Shapes’ relates to the fa c t that these shapes occur at all levels in nature. This 
provides a descriptive basis fo r a larger geometrical theory of shape and morphogenesis 
of w hat dwells in the world and the world  wherein we dwell.
#
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#[ § 1] Introduction
#
T h e  s e a rc h  fo r  d i f fe re n c e s  o r  f u n d a m e n t a l  c o n t ra s ts  b e t w e e n  
th e  p h e n o m e n a  o f  o rg a n ic  o r  in o rg a n ic ,  o f  a n im a te  o r  in a n im a te  
th in g s ,  has o c c u p ie d  m a n y  m e n 's  m in d s ,  w h i le  th e  s e a rc h  fo r  
c o m m u n i t y  o f  p r in c ip le s  o r  es s e n t ia l  s im i l i tu d e s  has b een  
p u r s u e d  b y  fe w .
D'Arcy W entworth Thompson
#
i 11
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#In t roduc t ion
Towards a geometrical theory of 
morphogenesis
Our notion of geometry is deeply rooted in our perception of the world. W alking up­
right and being free to roam iso trop ica lly  in any direction, mankind developed Euclidean 
geometry. M aurits  Escher said tha t “ Euclidean 3D-space is the only re a lity  tha t we 
know". In the 19th century geometers arrived at general Riemannian spaces, whose 
constancy of the sectional curvature K as shown by Riemann-von Helmholtz-Lie amounts 
to satisfying the axiom o f free mobility.
It is however by no means necessary fo r other creatures, living or non-living, to arrive at 
the same geometries. In Euclidean geometry we define shortest distances "as the crow  
flie s" but fo r plants and starfish, the perception of shortest distances and the world  in 
general could look very different. Being confronted w ith completely d iffe rent environ­
mental constraints, the ir perception of the world as w ell as the geometries they would 
derive, would be completely different. For most creatures the world is anisotropic, with 
preferred directions, and d ifferent ways of measuring.
In the introduction to his book M inkow ski Geometry, A.C. Thompson (1996) writes: “ Space 
to Euclid and N ewton was uniform  and “ iso tro p ic ", the same in a ll d irections. Such a 
notion flies in the face o f daily experience, where the connotation o f up and down is d if­
fe ren t from  that o f east to west. There are p re fe rred  directions. A nother good example is 
the p re fe rred  directions that cause crystals to g ro w  as polyhedra and not spherica lly like 
soap bubbles. Unit c irc les  and spheres are not the fam ilia r round objects from  Euclidean 
geometry, but are some other convex shape, ca lled the unit ball".
The nature or behavior of light simply has no meaning at all fo r deep see creatures or E. 
co li living in our stomachs. An octopus caught by whales at depths below 600 m, dragged 
to the ocean surface and ultimately "explod ing" due to the pressure difference, w ill have 
a different idea of the axiom of free mobility.
“ Present models o f geometry, even i f  quite numerous, are no t able to answ er various 
essentia l questions. For example: among a ll possib le configurations o f a liv ing organ­
ism, describe its  tra jec to ry  (life) in t im e " (Berger, 2000), w h ich concerns fo r example 
the grow th of trees or cancer cells. The developm ent of such geometries, eventually 
allow ing fo r developing "law s of m otion" fo r living and non-living natural shapes, is only 
at the very beginning.
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Current descriptions are based on our own -  human -  perception of the world. For plants 
and flow ers  and in fa c t fo r any other natural shape, thorough understanding through 
geometry is lacking. W ith our human approach we can build models about nature and 
its shapes, but as René Thom (1998) stressed: “ Prédire n 'es t pas expliquer". As a direct 
consequence simple laws analogous to Newton’s equations of motion to describe the 
behaviour of bodies have not been discovered yet in biology, although there certain ly 
must be, and they are inherently geometrical in nature.
This amounts to a geometrical theory of morphogenesis fo r all natural shapes. D’A rcy 
Thompson w rote  “ The liv ing and the dead, th ings animate and inanimate, are bound  
alike by phys ica l and m athem atica l law ". This program was fu rthe r stressed by René 
Thom (1988): “ That we can construc t an abstract, pure ly  geom etrica l theory o f morpho­
genesis, independent o f the substrate o f forms and the nature o f the forces that create  
them, m ight seem d ifficu lt to believe, especially fo r the seasoned experim entalist used 
to w orking w ith liv ing  m atte r and a lways strugg ling w ith an elusive reality. This idea 
is no t ne w  and can be found a lm ost exp lic itly  in D 'A rcy  Thompson c lass ica l book On 
Growth and Form".
If there is an analogy to past sc ientific  evolution in physics, as one would expect, this 
geometrical theory w ill involve simple and uniform geometrical-m athem atical descrip ­
tions coupled w ith  natural curvature conditions. Besides the uniform description of the 
motion of planets and projectiles as conic sections, an im portant aspect of laws of mo­
tion was the emphasis on curvatures. Quoting Schrödinger (1940):" The log ica l content o f 
N ew tons firs t two law s o f motion was to state, tha t a body moves uniform ly in a stra ight 
line, unless it  does something else and tha t in the la tte r case we agree upon calling  
force its acceleration m ultiplied by an ind ividual constant. The great achievement was, 
to concentrate attention on the second derivatives -  to suggest that they -  not the firs t 
or th ird  o r fourth, no t any other p roperty  o f motion -  ought to be accounted fo r by the 
environment".
W hile a geometrical theory of morphogenesis may presently be beyond our reach, from 
1994 onwards a unifying description has emerged when it w as observed that various 
natural shapes can be described as superellipses (Gielis, 1996) that were originally used 
by Gabriel Lamé (1818) to a llow  fo r a description of crystals in geometry. This provided 
the firs t step tow ards a unifying geometrical description, connecting natural shapes to 
conic sections, through Lamé curves. Generalizing Lamé’s superellipses and supercir­
cles, has resulted in a uniform description for natural shapes, related to natural curvature 
conditions and fundamental relationships between means.
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#In t roduc t ion
In th is book Gielis' curves and surfaces  are presented, w hich generalise superellipses 
and Lamé-ovals and Lamé curves in general. It w ill be shown how this provides a unifying 
and generic geometric transformation fo r the description of natural and abstract shapes.
As D’A rcy Thompson (1917) said so eloquently:
" The study o f form  may be descriptive merely, o r i t  may become analytical. We begin by  
describing the shape in simple words and end by defining it  in the p recise language of 
mathematics, and the one method tends to fo llow  the other in s tr ic t scientific  order and 
h is to rica l continuity. The m athem atical definition o f form  is expressed in fe w  words or 
in s till b rie fe r symbols. These symbols are so pregnant w ith meaning tha t thought itse lf 
is economized... The prec ise  defin ition o f an ellipse in troduces us to a ll ellipses in the 
world. The definition o f a ‘conic sec tion ' enlarges our concept... We d iscover homolo­
gies and identities which were no t obvious before and which our descriptions obscured 
ra ther than revealed".
The defin ition of supershapes introduces us to universal supershapes. An enormous 
variety of abstract and natural curves and surfaces are d irectly related to conic sections 
(Chapters three and four) and can be described by changing a fe w  exponents or coef­
fic ien ts in basically one form ula, fu rther "econom izing thought". As Pythagoras taught: 
" There is a harm ony in nature, un ity in its variety, and it  has a language: numbers are 
the language o f nature".
The greatest advantage of m athem atical descrip tion however is, and here we quote 
again D’A rcy Thompson:
" The greatest gain o f a ll is that we pass qu ickly and easily from  the m athem atical con­
cept o f form  in its s ta tica l aspects to form  in its dynam ical relations. We rise from  the 
conception o f form to an understanding o f the forces, which gave rise to it. We discern  
the magnitude and forces which have sufficed to convert the one form  into the other".
It is shown how a unifying geometrical description connects natural shapes to conic sec­
tions and the deepest notions in mathematics, and leads to the understanding of natural 
shapes, growth and development through optimization principles. In chapter six this is 
exemplified by studying fusion in flow ers and succulents. In chapter five W ulff shapes 
and Constant An isotropic Mean Curvature CAMC surfaces are studied. This positions 
supershapes in the broader fram ew ork of geometry and physical geometry, stressing 
both the universality of description and optimization.
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#A historical point of view
The main equation describing Gielis’ curves and surfaces was originally called "s u ­
perform ula" and resulting shapes have been referred to as supershapes, superpolygons 
and 3D supershapes2. The prefix super- is simply based on supercirc les and supere l­
lipses. This is a general name, but more precisely, supercircles circum scribe a given cir­
cle, while  subcircles are inscribed in the given circle. These, and fu rther generalisation 
to superquadrics, can be traced back to Gabriel Lamé’s Examen de différentes méthodes 
employées pour résoudre les problèm es de géometrie  published in 1818.
W ith this specific relation to supercircles in mind we can frame supershapes in a historical 
setting. The transformation of superellipses into polar coordinates and the generalisations 
in the equations above are indeed part of a long history spanning 2,5 millenia of geometri­
cal research. It is clear that a historical overview at present can by necessity be only very 
fragmentary and a detailed account would require decades of deep research.
Greek mathematicians used geometric interpretations of quantities. The notions of ellipses, 
hyperbola’s and parabola’s originate in the technique of application of areas as solutions 
of quadratic equations, w hich was used by the Pythagoreans. More than 600 years ago, 
Oresme (1323-1382) clearly understood the importance of geometry and wrote: "De maat 
der verschijnselen3 is aan velerlei veranderingen onderworpen, wanneer de beschouwing  
ervan n ie t to t de beschouwing van geometrische figuren teruggebracht wordt".
A decisive step fo r science was taken by René Descartes (1596-1650) who "came to see 
tha t the exclusive concern o f m athem atics is w ith questions o f order o r measure, and 
tha t i t  does no t m atte r w hether the measure in questions involves numbers, shapes, 
stars, sounds or any other object whatsoever".
In literature one can  find n am es and term s as G ie lis ' c u rv e s , su rfa c e s  and m anifo lds or the G ie lis ' Form ula. 
O resm e's Latitudinus form arum
F igu re  1.1: Thales, Pythagoras, Euclides and Archimedes
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In what he called Mathesis Universalis Descartes evaded the geometrical restrictions of 
lengths and areas, or "the expression o f proportions in ordinary algebraic terms by means 
o f several different dimensions o f shape. The firs t they call the root, the second the square, 
the fourth the biquadratic, and so on. These expressions, I confess, long misled me... A ll 
such names should be abandoned as they are liable to cause confusion in our thinking. 
For though a magnitude may be termed a cube or a biquadratic, i t  should never be repre­
sented to the imagination otherwise than as a line or a surface... What above all, requires 
to be noted is that the root, the square, the cube etc. are merely magnitudes in continued 
proportion...".
The fusion of geometry and algebra in itiated by Descartes and Fermat in the firs t half 
of the 17th century, and the development of the calculus in the second half, w ith names 
as Barrow, Huygens, Newton and Leibniz, sparked a revolution in science. W ith  the 
development of analytic geometry in the 17th century, there was an ongoing search for 
particu lar functions related to specific graphs. Huygens, Leibniz, Bernoulli and Euler dis­
covered specific shapes as solutions to specific optimisation problems, like the catenary 
and isochronic curves. Perhaps the most notable example was the logarithm ic spiral or 
Spira m ira b ilisdiscovered by Descartes in 1638.
F igu re  1.2: Descartes, Huygens, Newton and Leibniz
In the 17th century we find a d irect geometric relation to supershapes. Pierre de Fermat 
(1601-1665) and Gregory Saint-V incent (1584-1667) generalised parabola’s (y = xn) and 
hyperbola’s (y = x1/n) to determine areas under curves (Maor, 1993). Power laws defined 
by power functions are ubiquitous in all fie lds of science and technology, including al- 
lometry in biology, and are geom etrically described by superparabola’s.
Fermat also studied various related equations, especially the one known from the Last 
Theorem of Fermat, w hich states tha t fo r xn + yn = zn it is impossible fo r x, y, z and n to 
be all > 2 and all integer. It would take almost two centuries until Gabriel Lamé gave the 
complete and precise geometrical interpretation of these curves4.
Lam é h im se lf had devoted a lot of effort on proving the Last Theorem  of Ferm at and gave  a proof for n = 7.
16 I Universal Natural Shapes
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F igu re  1.3: Power laws: from the small to the very large
As a consequence, quoting Felix Klein (1932) "the assertion o f Fermat means n ow  that 
these curves, unlike the circle, thread through a dense set o f the ra tiona l po in ts w ithout 
passing through a single one, except those ju s t no ted ."
In his Geometrical Lectures of 1679 Isaac Barrow demonstrates his tangent method5 on 
quasicircular curves (Cycloforms). Later authors considered this example either as very 
specific (Loria 1910), or as representative fo r the complete fam ily of supercircles (J.M. 
Child in Barrow, 1916). Barrow 's w ork  shows tha t the equations and the shapes were 
known in mathematics in the 17th century. It is therefore quite surprising that fo r 139 years 
-  from Barrow's Lectures to Gabriel Lamé's booklet in 1818 -  there seems to be no trace 
of these shapes in geometry. Further research may reveal tha t also in the 18th century 
the shapes must have been quite w e ll-know n, perhaps in the courses of geometry at 
the Ecole Polytechnique.
Gabriel Lamé (1795-1870) was a student there. He introduced x n + yn = zn in Examen de 
differentes méthodes employées pour résoudre les problèmes de géometrie  (Lamé, 1818) 
and noted tha t a special choice of exponents gave a uniform description of all conic 
sections. His motivation was the study of crystals using analytic geometry, hereby giving a 
geometrical foundation to crystallography. Quoting Gabriel Lamé (1818): "Cependant, pour 
prouver que l'Analyse de Descartes n 'es t pas incapable de tra ite r une des plus belles 
applications du ca lcu l à la Géométrie, je  vais indiquer la marche que l'on pourra it prendre. 
Si je  réussis à donner une analyse simple et facilem ent applicable, je  m 'applaudirai d'avoir 
fa it ren tre r sous le domaine d'un ca lcu l qui do it être général, un sujet qui semblait le fuir". 
In the same work, Lamé also introduced surfaces defined by equations of the type xn +
in the se co n d  exam ple  g iven  in Le ctu re  X
17
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yn + zn = 0 w hich became known as tétraédrales symétriques (Darboux, 1878; Darboux, 
1914). Lamé curves have been studied extensively in the 19th century (Loria, 1910 and refer­
ences therein). Gabriel Lamé was one of the leading geometers in the firs t half of the 
19th century. As Coolidge (1940) remarks: " The marriage o f algebra and geom etry was 
no t w ithou t problem s in the firs t centuries a fte r Fermat and Descartes and in the 19th 
century severa l geometers proposed d iffe ren t solutions, w ith Lamé as one o f the f irs t"  
(see also De Vries, 1926; Guitart, 2009). For our study of natural shapes it is noteworthy 
tha t Fibonacci series were also known as Lamé-series (Lucas, 1891; D’A rcy Thompson, 
1917). These series are found, among others, in plant phyllotaxis and in crystallography 
(Coxeter, 1969; Jean, 1994).
Lamé’s w ork  on curvilinear coordinates (Lamé, 1859) was very influential (Struik, 1933; 
1961). Darboux (1878) spoke of " les im m orte ls travaux de Lamé su r les coordonnées  
curv ilignes." Curvilinear coordinates introduced by Lamé inspired D’A rcy Thompson to 
his famous transformation figures.
Vincensini (1972) w rites: "C 'est à l'ins ta r de G. Lamé (Lamé, 1859), qui a fondé la théorie 
des coordonnées curvilignes de l'espace euclidien à trois dimensions su r la considéra­
tions de deux param ètres différentie ls, l'un de 1er ordre et l'au tre  du 2ème, ouvrant ainsi 
la voie au ca lcu l d iffé ren tie l absolu de R icc i e t Levi-Civita, que Beltram i a été amené à 
in trodu ire  de son côté, dans la géom étrie d iffé ren tie lle  des surfaces, les param ètres  
différentie ls qu i po rten t son nom".
Gabriel Lamé is known not only as one of the founders of differentia l geometry, but also of 
Riemannian geometry in the opinion of Elie Cartan (1931) who w rote: "D 'autre p a rt Lamé, 
quelques années, i l  est vrai, après la Dissertation de Riemann, avait, pou r la géométrie  
euclidienne à tro is dimensions, in trodu it des coordonnées n 'ayant pas un aussi grand  
degré de généralité que celles de Riemann, mais, dans ce cadre un peu p lus restreint, il 
fa isa it aussi en somme de la géométrie riemannienne".
W hereas the length of a line element on surfaces is expressed analogous to measur­
ing distances in Euclidean spaces using Pythagoras’ theorem, in his h istorica l Habili­
ta tionssch rift Riemann (1854) alluded to using a fourth  pow er instead of a square, to 
measure distances on m an ifo lds:"D er nächst e infache Fall würde w oh l die M ann ig ­
fa ltigkeiten umfassen, in welchen sich das Linienelem ent durch die vierte W urzel aus 
einem Differentia lausdrucke vierten Grades ausdrücken lässt. Die Untersuchung dieser 
allgemeinen Gattung würde zw a r keine w esentlich andere Prinzipien erfordern, aber 
ziem lich zeitraubend sein und verhältnissmässig a u f die Lehre vom Raume wenig neues 
Licht werfen, zumal da sich die Resultate nich geometrisch ausdrücken lassen".
18 I Universal Natural Shapes
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F igu re  1.4: Founders of modern Riemannian geometry: Gauss, Riemann, Helmholtz and Lame
This challenge was taken up by Paul Finsler (1918) and led to the development of Rie- 
mann-Finsler6 geometry w ith norms based on powers other than tw o  (as in the case of 
Riemannian geometry, or the Pythagorean measure). It was Constantin Caratheodory, 
advisor of Finsler, who firs t introduced the idea of an ind icatrix, a hypersurface in the 
tangent plane of a manifold (Rund, 1992). Indeed, Finsler manifolds are those fo r which 
the metric structure is given by a collection of convex symmetric bodies in the various 
tangent spaces (Berger, 2000). For the Riemannian case it is a (hyper)ellipsoid.
Finsler geometry has been an active fie ld of research in the last decades and has im­
portant applications in physics (see, e.g. Chern, 1996; Matsumoto, 2003; Bao and Robles, 
2004; M iron, 2005) and biology, fo r example the Shim ada-Antonelli metric in ecology 
(M iron, 2005). It is rooted deeply in the calculus of variations which was one of the main 
topics of the successors of Gauss and Riemann in Gottingen, w ith  David Hilbert, Hermann 
M inkowski, and Constantin Caratheodory. M inkowski created the formal tools to study 
problems about convex regions and bodies, also in relation to extremal problems and 
opened the way fo r the study of norms other than the Euclidean norm on fin ite  dimen­
sional spaces (Thompson, 1996).
F igu re  1.5: Hilbert, Minkowski, Caratheodory and Finsler
s in ce  R iem ann had co n ce ive d  it in 1856
19
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This led to M inkow ski geometry (Thompson, 1996) w h ich  is " th e  kind o f geom etry in 
which lengths are m easured d iffe rently in d iffe rent d ir e c t io n s Cityblock, Euclidean and 
max metric are w ell-know n examples of p-th  root metric of M inkowski (Bronhnstein et 
al., 2004).
Obvious examples of such unit balls are supercirc les and supershapes. To a broader 
public of designers and a rch itects superellipses and supereggs became known in the 
mid 20th century, mainly through the w ork  of Piet Hein (Gardner, 1975).
F igu re  1.6: Piet Hein and his superegg
Superquadrics constitute a class of surfaces including superspheres, superellipsoids, 
superhyperboloids and supertoroids. In computer graphics superellipsoids and super­
quadrics have been used extensively since the ir in troduction in the fie ld  (Barr, 1981). 
There is also a natural relationship w ith  R-functions developed by R.L. Rvachev (1925­
2005), w h ich provide im p lic it functions w ith  guaranteed d iffe rentia l properties (semi- 
analytic geometry; Shapiro, 2007). These functions are increasingly being used in com­
puter graphics and CAD (Pasko et al.,1995; Tsuganov &  Shapiro, 2002), also in relation to 
supershapes (Fougerolle et al., 2005; 2006).
W hen supershapes, w h ich generalize superellipses and conic sections and provides 
a unifying fram ew ork fo r natural shapes, are placed in th is h istorica l fram ew ork, it is 
observed tha t the most brillian t geometers and m athem aticians like Fermat, Barrow, 
Euler, Lamé, Cauchy, D irichlet, Riemann, Darboux, Tzitzeica, Kummer, M inkowski, Finsler, 
Cartan, Chern, Lebesgue, Klein, W iles, Palmer and many others, all have studied these 
equations and/or the ir associated curves, surfaces and manifolds in some way.
The connection between th is specific  w o rk  of Fermat, Gauss, Lamé, M inkow ski and 
equation 3 and 4 is that only pure numbers are used. Unlike in polynomials or expansions 
(thus including derivatives and probabilities), no geometric means between numbers are 
used here, only the numbers raised to some power.
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For supershapes we can repeat exactly what Gabriel Lamé wrote:
"Et si, malgré mes tentatives, ce ca lcu l se trouve compliqué, on ne pourra du moins rien 
conclure contre la généralité de son app lica tion."
Supershapes add a new dimension, as equation, as 2D curves, or as 'geom etric’ numbers 
(Gielis, 2009; Gielis et al., 2010). Conserving n-volumes the superformula, uses classic 
trigonom etric functions to link Lamé curves to anisotropic unit c irc les and conic sec­
tions, to infinite (and not so infinite) series, and to complex numbers. This would almost 
certa in ly have delighted Euler.
As Piet Hein summarized:
"M an is the animal tha t draws lines which he h im self then stumbles over. In the whole 
pattern  o f civ ilization there have been two tendencies, one tow ard  s tra igh t lines and 
rectangular patterns and one tow ard  c ircu la r lines. There are reasons, m echanical and 
psychological, fo r both tendencies. Things made w ith s tra igh t lines f it  w e ll together and 
save space. A nd  we can move easily -  physica lly  o r m enta lly -  around things made with 
round lines. B ut we are in a straitjacket, having to accept one or the other, when often 
some interm ediate form  w ould  be better. To d ra w  something freehand -  such as the 
pa tchw ork  tra ffic  c irc le  they tried  in Stockholm -  w ill no t do. It  isn 't fixed, isn 't definite  
like a c irc le  o r square. You don 't know  w ha t i t  is. I t  is no t es thetica lly  satisfying. The 
superellipse solved the problem. I t  is ne ither round no r rectangular, bu t inbetween. Yet 
i t  is fixed, i t  is definite -  i t  has a unity."
M L
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#[ §2] A generic geometric transformation 
that unifies a wide range of natural 
and abstract shapes
T h e  S u p e r f o r m u la  m ig h t  p ro v id e  a s in g le ,  s im p le  f r a m e w o r k  fo r  
a n a ly z in g  a n d  c o m p a r in g  th e  s h a p e s  o f  life. T h is  is an e x c it in g  
d e v e lo p m e n t .
Karl Niklas
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#
Parts of this chapter have been published in:
GIELIS J. 2003. A  generic geometric transformation that unifies a large range of natural 
and abstract shapes. Am erican Journa l o f Botany  90(3) Invited Special Paper. 333-338.
GIELIS J., HAESEN S., VERSTRAELEN L. 2005. Universal N atura l Shapes: from  the 
superegg of Piet Hein to the cosmic egg of George LemaTtre. Kragujevac Jou rna l o f 
Mathem atics, Vol 28, 55-67.
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##
The Superformula
The fo llow ing geometric approach may be used in addressing some of the questions 
and open problems in both the description and the study of optim ization in plants and 
natural shapes: In search of an e ffic ien t w ay to model plant shapes (in itia lly to model 
stems in bamboo) I have used superellipses, firs t described by Gabriel Lamé in the 19th 
century (Lamé, 1818; Gridgeman, 1970) and extended these superellipses later to different 
symmetries, under the name superformula (Gielis, 2001, 2003a,b).
Going back to Lamé, the circles and the ellipses, as w ell as the squares and rectangles, 
are all included in the fam ily of the so-called "superellipses", i.e. the planar curves given 
by Cartesian equations of the form:
(where n e X ; A; B e K+ and >0, both cases A = B = r and A  = a *  b = B are dealt w ith 
by the same equation). This equation can generate a varie ty of shapes such as circles, 
squares, asteroids, rectangles and superellipses, and these d iffe r in 3 numbers at most. 
"Supere llipses" is a general name fo r these shapes, but more specifica lly subellipses 
are inscribed in a unit c irc le , while  superellipses are c ircum scrib ing the ellipse. The 
names sub- and superellipses suggest tha t the ellipse w ith exponent 2 is the central 
shape, but an inscribed square fo r n = 1 is in fa c t the shape w hich divides the area of 
a c ircum scrib ing square and the inscribed square in tw o equal parts and is the exact 
boundary fo r exponent values n and 1/n  (figure 2.1).
Superellipses are special cases of so-called Lame-curves, w h ich more generally de­
scribe curves w ithou t using the absolute values as in equation 1 (see figure 2.2).
Equation 1
F igu re  2 .1 : Lamé's supercircles (From Weisstein, 2003)
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F igu re  2 .2 : Lamé-curves for n = 3 and n = 4.
W ithout absolute values Lamé curves also give a unifying description of the conic sec­
tions (Lamé, 1818; Loria, 1910)1:
iMiT"
Equation 2
For the description of natural forms closed shapes are necessary, using absolute values 
in equation 1. Such superelliptical shapes also exist in nature, fo r example the large va ri­
ety of supercircu lar stem shapes in bamboo and other plants (Gielis, 1996; Van Oystaeyen 
et al., 1996; see chapter 4 fo r more examples). The main disadvantage of supercircles is 
the ir lim itation to a fourfo ld symmetry, describing circles, squares and rectangles, but 
not triangles nor pentagons. The Superformula  (equations 3 and 4) is a logical extension 
of the superellipses, in w hich the concept of supercircles is generalized to include sym­
metries fo r any real number, both integer and non-integer.
Turning to po la r co -o rd ina tesp  and p, such that x  = p  cosp a nd  y  = p  sinp, in addition 
introducing a coeffic ient m/4 (which allows to obtain more symmetries of rotation around 
O than those related to the fou r quadrants of the Cartesian co-ord inate system) and 
d ifferent exponents occurring in the three terms of equation 3, th is equation becomes:
itf _mi _ n2c o s f p + / s i n ^ p
A 7- B
V /
Equation 3
(where n1 e !K0; m, n2, n3 e X ). Choosing m = 4 and nt = n2 = n3 = n yie lds equation 1. 
This equation gives an elegant solution fo r the lim ited symmetry of superellipses. The 
values of m can be d ifferent on both cosine (mt) and sine (m2). The minus sign gives the
A  list of e quations is found on p ag e s  118-119.
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difference between the cosine and sine terms describing curves based on "hyperbola ’s" 
rather than on ellipses. Some examples, up to scale, of planar curves given by equation 3 
are shown in figure 2.3, whereby in each case here A  = B and fo r which further, respec­
tively, in case (a) m = 3; n t = 5 and n2 = n3 = 10, in case (b): m = 4; n t = 12 and n2 = n3 = 15, 
in case (c): m = 7; n t = 10 and n2 = n3 = 6: and in case (d) m = 5 and nt = n2 = n3 = 4. These 
curves describe the shapes of the Nuphar luteum  petiole and the stems of Scrophularia  
nodosa, Equisetum  and Rubus idaeus respectively. Similarly, d ifferent kinds of starfish 
correspond to curves given by equation 3 (figure 2.3 right; see also Lucca, 2004).
Nuphar luteum Scrophularia nodosa Equisetum raspberry starfish
The planar curves given by polar equation 3 can be interpreted as being obtained starting 
from the un it c irc le  centered at 0 (p = 1) by the transformation  given by the right hand 
side of (3), (for any choice of parameters A ,B , m, nt, n2, n3). Those curves w ill fu rther be 
referred to as superpolygons, in analogy to superellipses. Equation 1 not only transforms 
the unit circle  into various sub- and supercircles, but the reverse is also true: supercir­
cles are all c irc les (Hersh, 1998) w ith a metric defined by equation 1 (for n > 1). More 
generally all the shapes and graphs defined by equation 3 are (unit) Circles in the ir own 
right. In "Inventing the C ircle" (Gielis, 2001; Gielis, 2003a) the capital C in Circle was used 
to denote the whole set of superpolygons, of w hich the circle  is a special case.
F igu re  2 .4 : Examples of supershapes
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Similarly, instead of transform ing the unit circ le , all planar curves determ ined by polar 
equations p = f(q>) (where f  basica lly can be any positive real function) can be trans­
formed into the planar curves w ith polar equations.
1
cos f<p 
A
+
sin q> 
B
Equation 4
Starting fo r instance from  the logarithm ic sp ira l (a) p = f(^ )  = e0^  by equation 4 with 
parameter m = 4 and n t = n2 = n3 = 100 in case (b) and m = 10 and n t = n2 = n3 = 5 in case 
(c), respectively, up to scale, the “ superspira ls" of figure 2.5 are obtained. Rose-curves 
of Grandi (D’A rcy Thompson, 1917) defined by trigonom etric functions can also be trans­
formed into “  superroses".
F igu re  2 .5 : A logarithmic spiral (a) and two corresponding superspirals (b) and (c).
The curves and shapes defined by equation 4 are called “ supershapes", w ith  super­
polygons, superroses  and superspirals  as special cases. As we w ill see later, all these 
shapes are very closely connected. To describe points inside or outside the shapes, 
equations 3 and 4 can also be w ritten  as inequalities. In that case each point inside and 
outside the shape is defined uniquely as well, and consequently height, colors, or density 
gradients in the 'd isc ’ can be described as well.
Generic symmetry and invariances
Superpolygons
The variable m in equation 3 can define zerogons (m = 0; no-angles), monogons (m = 1; 
one-angles), and diagons (m = 2; two-angles), as w ell as triangles, squares and polygons 
w ith higher rotational symmetries. The parameter m allows the orthogonal axes used in
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superellipses, to fold in or out like a fan and determ ines the number of points fixed on 
the unit circle (or ellipse fo r A  *  B) and the ir spacing. These points w ill always remain 
fixed. A  circle  is defined either as a zerogon or zero-angle fo r any value of n, given m = 
0, or fo r any rotational symmetry m given that n23 = 2.
#
F ig u re  2 .6 : Examples of various abstract shapes. Modification of parameters of 
equation 3 for positive integer rotational symmetries m from 0 to 8 for R = 1.
The values of n2 and n3 (for n2 = n3) determine w hether the shape is inscribed in or c ir­
cumscribing the unit circle. For n2 = n3< 2 the shape is inscribed (subpolygons), while for 
n2 = n3 > 2 the  shape w ill c ircum scribe  the c irc le  (superpolygons). The value of 
n t w ill fu rth e r determ ine the shape and acts like a g rav ita tiona l pull fo rce  away 
from  or tow ards to the unit c irc le . Corners can be sharpened or fla ttened  and the 
sides can be stra igh t, convex or concave. Subpolygons are inscribed in the c irc le  
and rotated by n/m relative to superpolygons, circum scrib ing the circ le . Interestingly, 
when subpolygons transform  into superpolygons (and vice versa), corners transform  into 
sides, and sides into corners, because of the fixed points on the unit circle. Similar closed
29
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shapes are generated which close after one rotation (0-2n) by selecting zero or a positive 
integer for m. Exactly the same shape is generated for every subsequent rotation by 2n. This 
changes when further changes of equation 3 are applied, such as when the ratio n/n3 varies 
(figure 2.6, column 7), when m is not an integer number or when the values of A and B differ 
(figure 2.6, column 8). A precise expression fo r regular polygons is given by equations 5 
(Lenjou, 2005).
p(<p)= lim
n,i\ m In2 I • m In3ii/|cos 4<p\ +|sin,j>|
with n2 = n3 and n. given by:
Equation 5a
n,-2
2 log
1
cos(%)
Equation 5b
Superpolygrams and Generic Symmetries
When m is not an integer, the shape generated does not close after one rotation. If m is a 
rational number, the shape w ill close after a number of rotations equal to the denominator 
of m. The numerator of m determines the number of angles. For m = 5/2 fo r example, the 
shape w ill close w ith five angles after only two rotations and w ill have 5/2 or 2,5 angles in 
one rotation, spaced 144° or 4n/5 apart. This shape w ill then be repeated every 4n.
There w ill be no repeating pattern using irrational numbers, but, fo r example, a n-gon 
w ill have on the average n angles per rotation. Such shapes may be called “ superpoly­
grams", in analogy w ith  “ polygrams" (Coxeter, 1969).
(a)m=4 (b) (c) (d) (e) (f)m=3
m=3.8 m=3.6 m=3.4 m=3.2
F igu re  2 .7 : Curves generated from 0 to 2n for different values of m between 3 and 4
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The angles of rotation leaving the shape invariant (rotational symmetry) are k.2n/m w ith 
k integer. For a pentagon and superpentagons this is equal to k.72°. For a pentagram  and 
superpentagrams  w ith  generic symmetry 5/2, the angles are spaced 144° apart (figure
2.8). In tw o rotations the shape closes and the number of angles fo r pentagon and pen­
tagram  is equal and spaced 72° apart. For m irror symmetry, the axes of symmetry fo r 
regular polygons pass through the origin and k.2n/m, and through the origin and k.n/m 
w ith  k integer. For non-integer polygons the same holds.
6
2
F igu re  2 .8 : Polygons of non-integer symmetry; From left to right: m = 5/2; m = 5/3; m = 8/3
This allows us to consider shapes in the ir "generic symmetry". W hereas in a more clas­
sical way, the symmetry of both a pentagram (figure 2.8 left) and a pentagon is 10, with 
D5 (dihedral symmetry 5, thus including five rotational and five m irror symmetries), in a 
superform ula-w ay the ir generic symmetries are d iffe ren t because these correspond 
to the symmetry parameter m. For a pentagon, w h ich has five angles and closes in one 
rotation, m = 5 and the dihedral symmetry is D5. For a pentagram, w hich has five angles 
and closes in tw o rotations, m = 5/2 and should be D5/2.
In this way "the Superformula unveils the more hidden in tegernum bers"(A loysio  Janner, 
pers. comm.). A c ircle  or monogon can have any symmetry (either fo r m=0 or n2=n3=2).
A further example of "generic sym m etry" concerns superpolygons w ith  alternating short 
and long sides. In th is case the classical v iew  would assign d ifferent symmetries, as in 
the case of a rectangle versus a square. Here also, it is only in a superfic ia l w ay that 
these curves have a d ifferent symmetry. In figure 4.14 fo r example, it is shown how the 
“ hexagonal" molecular symmetry of ice is retained in seemingly “ triangu lar" snowflakes. 
If m is six fo r A*B  a hexagon w ith  alternating short and long side results (figure 4.14 right 
column), and the snowflake's symmetry thus remains six, corresponding to its molecular 
symmetry.
One of the greatest contributions of D'Arcy Thompson to biology was his transformation 
theory, in which he shows w ith simple diagrams how certain species of fish, the shape of 
leaves, or the skulls of mammals are connected geometrically. D 'Arcy Thompson showed
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how the connections could be defined as continuous transformations. Likewise, many 
shapes can now transform into various other shapes preserving their generic symmetry.
A  further interesting observation w ith the equations 3 and 4 is in relation to symmetry and 
symmetry breaking. The latter term has become very popular in the second half of the 20th 
century and a fu lly  accepted part of scientific term inology. In my opinion however, there 
are quite a number of conceptual difficulties w ith th is symmetry breaking concept. A, for 
example, (spherical) egg cell is polarized after fertilization and all subsequent cell d ivi­
sions lead to a symmetrical/asymmetrical body, litte rally the transformation of a spherical 
egg into a pentagonal starfish. The symmetry has to break "from  in fin ite" (based on the 
circle as a polygon w ith  infinite symmetry), to five.
W ith  equation 3, a c irc le  can be of any symmetry, including a pentagon, as long as 
n23= 2. So moving from  a c irc le  to a pentagon and a starfish requires essentially no 
change in symmetry at all, but the exponent moderation (Gielis, 2002) suffices (figure
2.9). This is also apparent in figure 2.1 fo r supercircles, w hich shows such simple trans­
form ations fo r the values of all exponents equal and m = 4. Since the circle is one of the 
squares (for n = 2) no symmetry breaking needs to be called upon to precisely describe 
this transformation.
Invariance properties
The description of a great variety of shapes w ith  one single equation may provide op­
portunities in understanding certain aspects of optimization in plants and natural shapes. 
The equations themselves permit d irect calculation of associated characteristics such 
as area A, polar moment of inertia I and circum ference s, defined by equations 6:
F ig u re  2 .9 : Morphing a circle into a starfish. The value of m = 5 in all cases.
o o 0
Equations 6
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#In th is respect equation 3 has some interesting properties and invariants. First is the 
invariance o f symmetry fo r changing exponents as discussed above (figure 2.9). This also 
relates to changing A and B in equations 3 and 4. Examples of th is are shown in the right 
column of figure 2.6 w here alternating short and long sides in rectangles or octagons, 
retain the original symmetry.
Second is the invariance o f distance a t kn/m  fo r all m, w ith  k a real number. This fo llows 
directly from the equations. W hile in th is expression m = 0 is form ally excluded, the fact 
tha t distance is the same fo r any angle is the very characteristic of a circ le , or zerogon 
(m = 0 ).
The param eter m defines how the points are spaced. W ith the introduction of m/4 the 
plane can be divided into any number of sectors, defined by m. Other numbers than 4 
do not work, because the formula w ill autom atically convert to m /4 (i.e. numerator and 
denominator are relative primes). If e.g. m/2 is taken, a dodecagon w ill be obtained when 
m=6 or a square when m=2. For m/3 an octagon w ill be generated if m=6 (6/3 = 8/4). If m/6 
is used, obviously a square or superellipse is obtained fo r m=6.
The reason fo r this is that equation 3 maps the values calculated fo r supercircles w ith 
m=4, onto a different axis system defined by m. For example, in a hexagon, the value at 
60° (2n/m) in equation 3 is equal to the value of 90° in a square (m=4 in equation 3 or 
equation 4). The value at 30° in a hexagon (n/m) is equal to the value at 45° in a square. 
So distances at k.2n/m are always the same, fo r any value of m and any real number k.
Third is conservation o f area fo r given exponents n, fo r a ll values o f m (for a proof in 
case of m an integer, not zero, see Lenjou, 2005). Stated otherw ise, when the rotational 
symmetry parameter m is changed, the shapes respond by making the ir sides more con­
cave or convex, in order to preserve the area (figure 2.10). Fourth is the conservation o f 
po la r m oment o f inertia Ip fo r given exponents n, fo r a ll values o f m. Both area and polar 
moment of inertia are invariant fo r the symmetry. This is not only so fo r the polar graphs, 
but also for other graphical representations. Last, but not least, the sum o f inner angles 
remains constant, and fo r n = 1, for example, all add up to 2n as in a square.
Figu re  2 .1 0 : Area and moment of inertia Ip are conserved for changing m and fixed exponents
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These properties allow, given the area and measurement of some distances, to perform 
a range of calculations in orthogonal coordinate systems w ith  m = 4.
For planar curves y = y(x) or p = p(0), curvatures are defined by equations 7:
The parametric equation of supershapes allows fo r a more intrinsic notion of curvature. 
For p =  R describing a circ le , R is a measure fo r the curvature of the circ le , more speci­
fic a lly : R is inversely related to the curvature. Likewise p  can be used as a measure for 
curvature. For any specific supershape p  c learly is invariant.
Conservation of n-volumes
Equations 3 and 4 display relations between numbers and different graphical representa­
tions are possible. Figure 2.11 show distance functions and projection functions fo r m = 
4 and n t = n2 = n3 = 1 (figure 2.11 left) and n t = n2 = n3 = 100 (figure 2.11 right). For m = 0 or 
n2 = n3 = 2, w hich describe a circ le , the distance function yields a straight line and the 
projection function is either a cosine or a sine.
F igu re  2 .1 1 : Distance functions and supertrigonometric functions for subcircles 
(n = 1) left, and for supercircles (n = 100)
Lenjou (2005) defined Lamé-sines and -cosines (ps/n and pcos) on supercircles. These 
correspond exactly to the coordinate functions defined by equation 3, as can be seen 
from the param etric representation of these curves (Beirinckx and Gielis, 2004). This 
leads in a natural w ay to a generalization of the theorem of Pythagoras:
K K _ 1P'2~PP"+P2 
and (p .
Equations 7
pcosV  + psin pq> = 1
Equation 8
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W hile supercurves were presented up till now as either equation or planar curve (in va ri­
ous graphical representations), the geometrical meaning is found in equation 8. For each 
point on a specific superellipse or Gielis’ curve the equation prescribes the conservation 
of n-volumes. For n = 2 we have the classical Pythagorean Theorem w ith conservation 
of areas in rectangular triangles.
n n
P(<P) = atp t +X a,pi cos <p, +X aiPi sin q>,
i=1 1=1
Equation 9
M orris Kline (1953) wrote: "In one stroke o f Fourier's pen an endless variety o f sounds -  
the human voice, the tones o f a violin, and the wailing o f a ca t -  is reduced to elementary 
combinations o f simple sounds and each o f these is no more complex mathematically than a 
simple trigonometric function." W ith one more stroke we find how Lamé curves and Fourier 
series converge nicely into Equation 9, once more using only arithmetical combinations of 
simple trigonom etric functions. The firs t term is inscribed in a circle (a supercircle with 
n = 2), while  the second and third one, are inscribed in a square (m = 4) and pentagon 
(m = 5) respectively, w ith exponents n = 1.
This w ill a llow  to define fin ite type curves in analogy w ith  Chen Finite Type Curves (Chen 
1981, 1996; Verstraelen, 1991).
F igu re  2 .1 2 : Three shapes describe the outline of a flying bird
Negative exponents, hyperbolical and 
parabolic Supershapes
The exponents, rather than numbers in equation 3 can also be functions, leading to 
asymmetrical shapes. Even the functions cosine and sine may be substituted (Chacon,
2006), although, in my opinion, working w ith  the classical trigonom etric functions has 
d is tinct advantages. In analogy w ith equation 3 one can also study the curves gener­
ated w ithou t the absolute values. The negative values between 0 and -1 fo r n2 or n3 in
35
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figure 2.13 exemplify the dim inishing influence of e ither cosine or sine terms in the whole 
equation.
F igu re  2 .13 : The effect of using negative values for the exponents.
In all cases m = 5; n1 = 2, and a = b = 1. In the upper row the value of n3 = 1, 
while in the lower row, the value of n2 = 1. From left to right values of n2 (upper row) and 
n3 (lower row) are, from left to right: -1; -0.3; -0.2; -0.15; -0.1; -0.03 and 0.
The use of a minus sign between the cosine and sine term also yields very interesting 
curves (Gielis, 1999). For n2 = n3 between 0 and n/m the cosine term is larger than or equal 
to the sine term and the sum is positive. To have a repetition of sectors, sim ilar to super­
shapes, the sum needs to be a positive value, by taking the absolute value not only on the 
separate terms, but additionally over the complete sum to avoid negative numbers.
The number of arms of this superhyperbola can be modified by using other values for m, 
so tha t in each sector a hyperbola is created (figure 2.14). For values at n/m this results in 
a division by zero and thus in infinite distances. For large values of n123 the shapes gener­
ated, begin to coincide w ith supershapes in equation 3, except fo r values at kn/m, with 
k integer. They are then in fa c t shapes inscribed in a circle  w ith radius V2. The reason is 
tha t from 0 to n/m the influence of the cosine term in th is power relation is predominant, 
since it is always larger than the sine value in the interval [0; n/m[ or equal (at n/m).
One particularly interesting special case of 'hyperbolical' supershapes is when m = 4 and 
all exponents n123 = 2 and as an additional condition the cosine term takes on its maximum 
value (cos 9  = 1). In th is case the value of sine part varies between zero and one, and 
can fo r example be an expression fo r speed, compared to the maximum possible speed.
All in all, the very fi rst reason fo r using cosines and sines is to rescale distances inside 
the unit circle. Both cosine and sine can take values between 0 and 1 and the powers 
n2 and n3 can move the values of cosine and sine respectively, to other values between 
0 and 1. If the value of the cosine term is taken to its maximum value 1 (for n2 = 0), the 
value of the sine term can then take any value between 0 and 1, using either squares or 
other values fo r n in the more general case.
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F igu re  2 .1 4 : Supershapes with symmetry m, exponent n and either hyperbolic (h) and 
elliptic (e) (m;n;h/e) from left to right: (4;2;h); (4;5;h), (4;50;e), (5;5;e), (5;50;h); (5;50;e).
For large values of n elliptic and hyperbolic supershapes coincide (except at kn/m with k 
integer), as a result of the predominant role of the cosine term.
W hile the above example is based on the maximum value of the cosine term , alternatively 
the minimum value (zero) can be chosen as well. The resulting parabolical supershapes 
are quite simple since a superparabola is defined by power functions of the type x = yn 
(Bronhnstein et al., 2004). For our purposes we use absolute values. An interesting prop­
erty is that all parabola’s w ith  n and 1/n  are fu lly  symmetrical about the n = 1 parabola, 
w hich bisects the positive halfplane. In the firs t quadrant and the interval [0; 1] the areas 
under the curves given by parabola w ith exponent n and exponent 1/n equal 1 fo r all n 
as was shown by Newton. Furthermore, the Y-axis is an axis of m irror symmetry fo r the 
left and the right halves of the fu ll superparabola.
Substitu tion w ith  polar coord inates gives a simple expression fo r  superparabo la ’s 
(equation 10). This is in fa c t very closely related to the superroses above, but w ith 
n3 = n; n1 = n -1 and n2 ^  ^  (and therefore cosine term = 0).
#
P
Equation 10
F ig u re  2 .1 5 : Parabolic supershapes based on equation 10; values of (m;n) from left to 
right: (2;2); (2;20); (3;2); (3;20).
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Supershapes in three dimensions
W hat is stated above concerning curves in 2D-planes  can readily be extended to 
curves and surfaces in 3D-spaces, (and fo r that matter to (sub)manifolds of any dimen­
sion). Instead of supercircles and superellipses then of course “supersurfaces", “ super­
spheres ', “ superellipsoids" and “ superquadrics" come into play. In 3D classic primitive 
shapes such as cubes, beams, cones, tetrahedrons, cylinders (in fac t all previously de­
scribed superellipsoids) and many more d ifferent shapes can be included into one single 
equation. Once more, the unification of a w ide range of shapes into a single formula is 
achieved.
Based on spherical coordinates expressions have been derived (Beirinckx and Gielis, 
2004; Gielis et al., 2004; Alexander, 2004; Lenjou, 2005). A  parametric representation can 
be based on two perpendicular sections defined by equation 3 w ith the ir own sp e c if c 
generic symmetry (the same notion of generic symmetry can indeed be extended to three 
or more dimensions). Sim ilarly spheres are defined on one fu ll c ircle  and one half-circle, 
both centered at the origin and perpendicular to one another, and defined by m(^) and 
h(0) respectively (Barr, 1981; Jacklic  et al., 2000):
X Rcos<p.cos<9
sphere (q>,Q) = y = R s in ^ .c o s#
z R s in d
m{<p) =
COS<£> 7t 7t , , COS0
for -  — < 0 < — and h(9) =
sin 7^ 2 2 sin 6
for -7 i < 0 < 71
In the very same way, a 3D supershape can be defi ned using two superpolygons (p1 and 
p2 based on equation 3) or tw o 2D-supershapes (p1 and p2), based on equation 4, defi ned 
in equation 11 and w ith  examples shown in figure 2.15.
X p,cosq>.p2cos0
3D -  supershape(p,0) = y - Pi s\n(p.p2cosd
z p2 sin#
Equation 11
The defin ition of 3D supershapes based on tw o perpendicular sections p 1 and p2 can 
also be understood as fo llow s: one section is the ob ject and the other section is the
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path. W hen both path and objects are superellipses (equation 3 w ith  m=4; n1=n2=n3), 
superellipsoids are obtained. W hen both p 1 and p 2 are zerogons or c irc les (p1=p2=1), 
a sphere is obtained. W hen both p 1 and p 2 are squares, the resulting supersurface is 
a cube and so on (figure 2.16). W hile the above equalities define surfaces, inequalities 
define solids as well.
By setting A = B and the tw o curves non-selfintersecting, an im plicit function fo r 3D Gielis 
surfaces has been introduced by Fougerolle (et al., 2005, 2006) as:
F2 ( x , y, z ) =  1 —
=  1 -
OP
2 2 2 x  + y + z
cos cp.( p, (0) - 1 )  +  1
Equation 12
F igu re  2 .16 : Some further examples of 3D-supershapes
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Introduction
Computer graphics has a short, fascinating history, in which many fundamental and 
practical improvements have been implemented in the past decades. Shapiro (2007) 
summarizes the two main methods used as follows: "There are two methods for repre­
senting a set of points, either by providing a rule for generating points in the set, or by 
designing a method for testing a point with known coordinates against some predicate 
that distinguishes the points in the set from other points. The first method assumes the 
ability to parametrize the point set (through some procedural scheme)".
Major commercial software relies on splines, triangulation, subdivision schemes or other 
procedural definitions. Parametrizations are known for simple objects, such as conic 
sections or superquadrics (Barr, 1981; Jacklic et al., 2000; Velho et al., 2002), or other 
implicit objects (see Velho et al., 2002 for references). It is generally assumed that the 
majority of useful geometric objects in the world and in modeling situations, cannot 
be described by simple parametrization, although solutions have been suggested, e.g. 
R-functions for semi-analytic geometry (Pasko et al., 1995; Shapiro, 2007) or variational 
curves and surfaces (Turk and O'Brien, 1999).
Figure 3.1: 3D Shapes and combinations
Supershapes enlarge the scope of implicit shapes for computer graphics. Originally intend­
ed as a framework to describe natural shapes, the formula has been used for, among other 
things, automated counting of white blood cells (Sahoo et al., 2006), in statistical methods 
(Ulrich, 2006), for procedural modeling (Lagae et al., 2005), graphic arts (Kiefer, 2005; Bache­
lier, 2007), in CAD/CAM (Fougerolle et al., 2005, 2006, 2007, 2008), for 3D distance fields in 
computer graphics (Jones et al., 2006), in determining the optimal shape for rocket shields
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in manned spacecraft (Johnson et al. 2005, 2006), in fluid mechanics (Wang, 2008), in search 
algorithms in botanical texts (Wang & Pan, 2006) and clustering (Kuri-Morales, 2008).
An important conceptual advantage of supershapes is that they are both parametrization 
and representation. As a unifying equation with a few parameters complete geometries 
of shapes are encoded in a few bytes only. Describing individual shapes in one formula, 
in a few parameters only, allows for extremely small file sizes in computer graphics.
As an example, all geometrical information of the shapes in figure 3.1 is encoded in less 
than 4000 bytes. The racecar below left consists of 20 different 3D Supershapes, and is 
encoded in less than 900 bytes.
In the period 2002-2004 computer graphics possibilities have been explored within our 
own group (Genicap). The following developments will be discussed:
• Variational supercurves extending to asymmetrical shapes
• 3D Shape Explorer
• SupergraphxTM: extending the computer into a source of new shapes
These three developments have greatly increased the applicability of supershapes in 
computer graphics, also towards specif c user groups. It is remarked that these appli­
cations have been developed into prototypes, and subsequently into products tested by 
professional users. Fully functional C++ software libraries have been developed.
Variational supercurves
In the original superformula (equation 3), the distance values calculated are those 
based on classical superellipses, extended with specif c symmetries as well as with 
different exponent values. There are various ways of increasing the degrees of freedom 
of supershapes to model asymmetrical and very complex curves. One is to replace the 
exponents by functions, as was suggested to allow the modification of superellipses 
(Zhou and Khambamettu, 1999). Likewise, any of the parameters could be substituted 
by a particular function, so that the value of the parameters can change or morph along 
the shape itself. Between two different points on a shape other interpolation functions 
can be defined changing one particular distance in a different distance (Gielis et al., 
2003; Gielis, 2004).
The simplest approach is to define at specif c angles, specif c parameter values in equa­
tion 3. These points are called c-points and a closed shape can be obtained by interpolat­
ing between these defined shapes. This interpolation can again be done in various ways,
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using means or polynomial curves, on one or more parameters.
Figure 3.2: Examples of variational supershapes with integer and non-integer symmetries
In figure 3.3 left, an example is shown of an asymmetric supershape in the preview w in­
dow of Supergraphx for Adobe Illustrator, with one c-point at 179°. The basic shape has 
m = 5/2 and the specif c values (a = A, b= B, n123) for this shape are given in this figure. 
Highlighting the other triangle at the c-point line, would reveal the parameter values for 
the shape defined at 0°. In accordance with Turk's variational curves, these curves can 
be called "variational supershapes"
Figure 3.3: User interfaces of Supergraphx (for Illustrator and Photoshop)
The user can now make symmetrical shapes (where I/R is a rational number express­
ing number of angles and number of rotations), add controlled asymmetry by adding or 
removing c-points, and change the parameters either numerically or using a slider bar. 
It is noted that in the products developed on these principles, slider bars are more user-
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friendly than the numbers itself, as is shown in figure 3.3. To improve the feel for the 
formula a preview window has been included: if the cursor is placed on one of the pa­
rameters, a preview window appears showing what will happen if a specif c parameter 
is increased or decreased.
The equations above are expressed as equalities. As inequalities however, any point 
inside or outside the boundary (def ned by equality) is def ned as well which allows for 
adding color gradients and stroke (figure 3.3 right; figure 3.2).
Surfaces and 3D shapes
The extension of supershapes into three dimensions has also been investigated and 
the Supergraphx 3D-Shaper Explorer has served as a laboratory to understand the best 
way of def ning 3D Supershapes, both geometrically and for users of computer graphics. 
One could def ne 3D Supershapes in several ways, for example in different coordinate 
systems, such as spherical or cylindrical coordinates, or one could define superconics 
and supercylinders in a most general way.
The study aimed at finding the most appropriate way to introduce supershapes in com­
puter graphics. Rather than providing a variety of possibilities, which could be done for 
example by introducing specific equations into an interface of existing software, there 
was a need to focus on one specif c approach. This has resulted in def ning 3D Super­
shapes on the basis of two perpendicular sections, def ned as in equation 11, and by 
def ning the appropriate user interfaces. In figure 3.4 examples are shown for a box, an 
octaeder and a sphere. The actual user interface of the 3D Shape Explorer has, besides 
the preview window for the 3D shape, two columns with user interfaces as in figure 3.3 
left and center. These columns allow changing two planar supershapes (or curves).
Figure 3.4: 3D-supershapes and their corresponding planar cross sections
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These 2D sections are shown in figure 3.4 and they are the perpendicular sections of 
equation 3, defining the 3D-shapes above. The perpendicular sections can also be un­
derstood as follows: the left 2D shape of the pair is def ned in the XY plane and is turned 
around the Z-axis following the path def ned by the right 2D shape of the pair.
The upper row of figure 3.5 shows two square tori and a helix, based on the same cross 
sections as figure 3.4. If the path is much larger than the base the result is a torus (For 
tori, in the pairs of 2D sections shown, the 'paths’ are rescaled in order to f t  into the 
preview window). If for a normal torus, def ned on the basis of two circular cross sec­
tions, a linear function in the Z-direction is added, one obtains a spiral (figure 3.5 right). 
One can easily modulate the size of the path of the tori, and obtain e.g. square spindle 
tori (figure 3.5 lower row).
#
Figure 3.5: Tori, spindle tori and a helix based on the same 2D sections as in figure 3.4
The possibilities are then infinite. If the path is a triangle and the base a circle, we obtain 
a cone. If they are both triangles, tetrahedrons are obtained. The shapes in figure 2.15 
were obtained in exactly the same way, based on two perpendicular sections only, which 
are 2D-supershapes, def ned by equation 3.
The shapes generated are surfaces, using equality only. If however, inequalities are 
used, the inside of the shape is described as well. This allows for defining a certain 
width to the surface, or from a material point of view, to add specif c homogeneous or 
non-homogeneous materials.
When the parameter m in one or both of the planar cross sections is a rational number 
the shapes have multiple intersections (as in f  gure 2.8). The 3D Shape Explorer has fur­
ther been equipped with functions which avoid self-intersections (figure 3.6; figure 2.15). 
Geometrically such complicated shapes are hardly more complex than a sphere or cube.
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Figure 3.6: Complex, yet non-intersecting supershapes
As each of the shapes is defined by two series of parameters, this has also provided for 
the development of a very simple file format for data storage and reduction. Each 3D 
shape can be thought of as one row in a matrix, which then contains the geometrical 
information, and additional information regarding certain Boolean operations, materials, 
colours and so on. The aeroplane, train and car in figure 3.1 were made with a prototype 
CAD-software, with parts and assembly structure as is common in CAD programs. Yohan 
Fougerolle independently developed a CAD-program based on supershapes only, and in 
Fougerolle et al. (2005; 2006) several examples of complicated mechanical designs are 
shown composed of supershapes only, combined with R-functions (Shapiro, 2007) which 
form a natural alliance with supershapes.
Supershapes give a unifying description of existing shapes and primitives, but one of 
the most interesting aspects is the generation of an enormous diversity of new shapes, 
which could improve the productivity in the graphics arts. Graphic arts is a more gen­
eral name for the use of shapes and illustrations in the print industry, and the computer 
graphics industry. The latter includes computer games, animation, CAD design and more. 
Graphic artists and designers, confronted with the challenge of developing new designs 
and shapes both in 2D and 3D, are constantly looking for new shapes and patterns. The 
approach of combining so many shapes into one coherent framework based on numbers 
and nature should be highly appealing to graphic artists, especially in this era of com­
puter graphics, when the computer can become a source of creativity by searching and 
selecting for specif c shapes in an inf nite space.
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The third main development was thus to implement these concepts into the software and 
products, examples of which are shown in figure 3.7. The preview window for individual 
parameters (figure 3.3), was fully integrated in the preview window (figure 3.7). The rows 
left of the central shape show what is the effect of decreasing a specif c pararameter, 
and rows right of the central shape show the effect of increasing a parameter. Once a 
shape is selected this appears in the central position and the computer will generate a 
completely new series of shapes.
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Figure 3.7: User interfaces of the Variations and Parameter Effect tools. Upper: each row 
represents changes in one particular parameter. Lower: changes effected on all parameters
This procedure occurs in real time and can be repeated for several "generations". The 
changes can be made small or larger using the slider bar "effect level". This allows for 
a f  ne tuning of the shape still based on search and select. A specif c chance can be at­
tached to each of the parameter groups, defining the chance that one specif c parameter 
or all parameters change in subsequent generations.
In the variations preview in figure 3.7, only symmetrical shapes are generated since 
in subsequent generations no deviations from symmetry are allowed. The asymmetry 
parameter, conforming to variational supershapes discussed above, is set to zero. In 
f  gure 3.8. asymmetry is allowed for waves. This is a direct illustration that the equations 
can have different graphs (compare figure 2.11). These waves can then be superimposed 
upon a polar shape to provide for a certain roughness (e.g. waves in f  gure 3.8 right), or 
for specif c outlines for picture frames (e.g. waves in f  gure 3.8 left).
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Figure 3.8: User interfaces for variations of waves
This "search and select", based on variations suggested by the computer has been im­
plemented both in 2D (in plugins for Adobe Illustrator and Photoshop) and 3D (in the 3D 
Shape Explorer and in a plugin for Cinema4D). The purpose was to allow users to work 
much faster being able to "walk more (variations) or less (parameter effects) randomly" 
in a shape space, of which most shapes are new, yet with a certain degree of familiarity. 
In the 3D Shape Explorer and Supergraphx for Cinema4D the variations can be done on 
the complete shape or on one of the cross sections only.
In figure 3.9 left, 244 supershapes are shown which are a selection of 1000 shapes, se­
lected by a graphical designer. The process of generation, selection and arranging the 
shapes took less than ten minutes, without the need for any predefined shapes. These 
shapes can be compared with the 4 dark red shapes in the upper row, which are stand­
ard shapes in Adobe Illustrator. It is remarked that all self ntersecting shapes are one 
single shape, and certain complex shapes cannot even be made in Adobe Illustrator.
The next development was then rather straightforward, namely to generate tens or hun­
dreds of new shapes at once, not for search and select, but for direct use. As design­
ers often need to develop more than one shape, for example to fill a background or 
in procedural modelling in general (Lagae et al., 2005), or to generate multiple shapes 
along a specified path, the idea of generating multiple shapes in a preview window was 
converted into a generation tool for multiple shapes. In figure 3.9. right, an example is 
shown of a page filled with different flowers. The user can modify the number and size 
of the shapes, the shape parameters, the colour and width of the boundary (stroke), the 
colours and gradients of the shapes and the positioning. Alternatively, multiple shapes 
can be generated along a specified path. In a game environment for example, stones or 
bricks in a wall can be made all slightly or more different with a few clicks only.
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Figure 3.9: Different shapes in specific arrangements
These developments have been integrated into the concept of Supergraphx, which fo­
cuses on the generation, variation and storage of shapes, and the tools to generate, 
change or select, a multitude of shapes in a few simple mouse clicks, giving the advan­
tage of a strong reduction of design times, for users of 2D software as graphic designers 
or for designers in 3D. In 2004 Supergraphx received the Intertech Technology Award for 
Innovative Excellence from the Graphical Arts Technical Foundation GATF/PIA Printing 
Industries of America (see Graphic Arts Monthly, October 2004, Supplement, S12).
Figure 3.10:. Combined shapes (left and right A. Kiefer); Center: "superfractal" by P. Bourke based 
on combining shapes with scaling, in the same way Koch's snowflakes are constructed
In future versions of this software other possibilities will be provided for specific arrang- 
ment of shapes, allowing for fast generation of individual and complex shapes, both for 
graphic artists (Design software; see figure 3.10 left and right) and engineers (CAD). With 
respect to individual shapes: one example where supershapes are used in a "geometry
L 5!
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generator" yielded optimal shapes of heat shields in manned spacecraft (Johnson et al., 
2005; 2006). Future versions of Supergraphx will allow shape generation, variation and 
selection, which are constrained based and directed towards specif c users groups. 
This will not be done using the classical approaches in CAD and optimization, but will 
be based specif cally on anisotropic curvatures (see chapter five). As an extension of 
constant mean curvature CMC surfaces, a generalisation to constant anisotropic mean 
curvature (CAMC) surfaces has been studied, using supershapes as examples (Koiso & 
Palmer, 2006, 2007, 2008; Koiso, 2007). New applications will be towards images, sounds 
and signals, via both synthesis and analysis. For example, the flowers discussed in chap­
ter six will allow for completely new sounds and signals.
Future directions
In the past few years a number of papers have been published using Gielis curves 
and surfaces applied in specif c fields, including visualisation (Tolmie, 2007), CAD/CAM 
(Fougerolle, 2006, 2007; Bokhabrine et al., 2007), imaging (Boniecki et al., 2008; Lavoue, 
2008), robotics (Jacobsson et al., 2008) and human vision and behaviour (Chuang et al., 
2005; Xiaojin et al., 2007).
Increasingly it has opened doors to perform specific calculations for the design of heat 
shields in manned spacecraft (Johnson et al., 2006), for the energy levels of particles 
(Bera et al., 2008), for the trajectories of inviscid fluid particles in two-dimensional rotat­
ing boxes (Wang, 2008) and for the development of wave guides and antenna’s (Vinogra­
dov and Wilson, 2007; Simeoni et al., 2009), going beyond the idea that only circles and 
spheres are the most optimal shapes.
The introduction of anisotropy in statistical models (Ulrich, 2006), applied to felds like 
datamining (Kuri-Morales and Bobadilla, 2008) or in biomolecules (Richardson et al., 
2008) using superellipses or Gielis curves, will generate new ways of modelling and 
knowledge generation. In this respect the initial experiments of Kuri-Morales and Boba­
dilla (2008) are very informative. They assumed the existence of four anisotropic clusters 
in 3D space to which 10000 points were assigned (2500 data points in each cluster). 
Current methods in datamining (Kohonen maps, fuzzy C-means) performed very poor to 
not-so-excellent (25,51 % error and 3,74 % error respectively). Even trained perceptrons 
still assigned 2,98 % of the datapoints erronously. In contrast, Gielis surfaces, combined 
with genetic algorithms to find the optimal parameters, made an error of 1,7% only.
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The lesson to be learned is that if anisotropic clusters exist in higher dimensional spaces, 
which is very likely, and which moreover may cluster very closely together (or even 
'space fi lling’), these can hardly be found using current methods in datamining. As a 
consequence, much of the knowledge generation and datamining results may be seri­
ously flawed using current methods. Introducing anisotropy can present new ways for 
knowledge generation from large amounts of data.
Two other developments present methods for performing numerical calculations. Natalini 
(et al, 2008) have been inspired by Gielis curves to consider the use of polar coordi­
nates in the Dirichlet problem for the Laplace equation in a starlike domain of a Riemann 
surface. They emphasized that "almost all two dimensional normal-polar domains are 
described (or at least approximated as closely as needed)" by our curves. Their method 
using polar coordinates (generating e.g. starlike domains) provides ways of finding solu­
tions for a wide set of classical problems in mathematical physics (Caratelli et al., 2009; 
Caratelli et al., 2010; Gielis et al., 2010).
Fougerolle (et al., 2009) extended the combination of supercurves with R-functions to 
Rational Gielis curves (RGC). Such R-functions allow to defi ne potential fi elds on closed 
curves with m = integer (Fougerolle et al., 2006). For RGC’s potential functions can also 
be defined considering the intersecting curve as one curve closing at 360° using inner 
and outer envelopes created by the intersections (figure 3.11).
Figure 3.11: RGC with n1=0.5; n2=n3=3.5; right m= 5; center m=5/2 and right 5/3). Left: relative 
intensities of potential field for m integer. Center and right: relative intensities of potential 
functions defined by R-disjunction (center) and max (right) (Fougerolle et al., 2009)
Making use of R-conjunction between outer and the complementary of its inner envelope, 
very specif c potential f  elds can be def ned with the delineation of sectors (f gure 3.12). 
This can be extended to 3D shapes as well (Fougerolle et al., 2009). Such a separation of 
sectors is observed for example in developing flowers, in which in a planar or semi-planar 
structure, various organs have to develop in a well ordered and coordinated fashion 
(Weberling, 1989; Maes et al., 1996), taking into account the anisotropy of the shapes.
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(a) p = 5, q = 2 (b) p = 5, q = 3 (c) p = 5, q = 4
Figure 3.12: R-conjunction between a RGC outer envelope and the complementary 
of its inner envelope. The symmetry parameter m in equation 3 is represented 
here by m = p/q (Fougerolle et al., 2009).
In addition, R-functions are the basis of semi-analytic geometry (Shapiro, 2007), which 
means that they can guarantuee differentiability properties everywhere on the domain.
Whereas both Natalini (et al., 2008) and Fougerolle (et al., 2009) provide interesting solu­
tions, equations 3 and 4 could in time lead to combining piecewise linear structures with 
the classical differential structures into one coherent framework.
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#[§4] On the geometry of what dwells in 
the world and of the world in which 
we dwell
N a tu re  likes to be looked at w ith  a g e o m ete r 's  eyes and brains.
Leopold Verstraelen
J
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Abstract
Supershapes were presented as a generalization of supercircles and superellipses. The 
geometrical transformations defined by equations in chapter 2 provide unifications of 
wide ranges of natural and abstract shapes. The ranges of natural shapes with superpo­
lygonal shapes include plants (morphology and anatomy), animals, and physics, including 
solid and fluid physics. Selected examples will be shown without specifying the precise 
values of the parameters. This analysis can be done using the approach and algorithms 
described in the literature.
#
GIELIS J. 2001. De uitvinding van de Cirkel. Antwerpen.
GIELIS J. 2003a. Inventing the Circle. Antwerpen
GIELIS J. 2003b. A generic geometric transformation that unifies a large range of natural 
and abstract shapes. American Journal of Botany 90(3) Invited Special Paper. 333-338.
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Supershapes in biology
Plant Morphology
Superpolygonal shapes occur in a wide range of plant forms and organs such as stems, 
flowers, leaves, also at the anatomical level.
The original observations of superellipses in plants was in square bamboos (Gielis,
1996). The square-like stem of Chimonobambusa quadrangularis (Poaceae; McGowan, 
1885, 1889) is refected in the old scientific names such as Bambusa quadrangularis 
and Tetragonocalamus angulatus. Since several related species with square stems are 
found, at one time even a separate genus was established, namely Tetragonocalamus, 
the bamboos with four-angled culms, now in Chimonobambusa (Wen Tahui, 1996).
Supercircular stems (referred to as tetragonal or square) occur in a wide variety of plants, 
for example in young stems and branches of teak (Tectona grandis), as well as in suc­
culents such as Euphorbia sp. (Euphorbiaceae), Cissus quadrangula and C. cactiformis 
(Vitaceae) and species of Orbea, Stapelia, Frerea, and Huernia (Asclepiadaceae).
Clematis montana (Ranunculaceae) and Impatiens glandulifera (Balsaminaceae) are ex­
amples of stems with hexagonal symmetry. Vegetative stems of horsetails, Equisetum, 
can be heptagonal, while the thicker fertile stems can have symmetries of up to 14. Stems 
of raspberries (Rubus sulcatusand R. phyllostachys) and cacti like Stenocereus thurberi, 
S. gummosus and Lophocereus schotti (Molina-Freaner et al., 1998) are hexagonal or 
pentagonal.
Figure 4.1: Silphium perfoliatum stem (left), cross sections of Cissus quadrangula (right) 
and cacti stems (center)
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Flowers and flower buds with shapes described by equations 3 and 4 are also very com­
monly found. The basic shapes of flowers are determined when the flower buds (flower 
primordia) are formed. These flower primordia are packed into a superpolygon, e.g. in 
a square or a pentagon, optimizing the use of the sparse space. Other examples of po­
lygonal arrangements at the microscopic level are found in developing flower primordia 
of actinomorphic and many zygomorphic flowers. Trimerous, pentagonal and quadran­
gular flowers can be found in different genera (figure 4.2). From the very first buckling 
phenomena in the floral apex to the final opening of the flower the whole process is a 
superbly coordinated choreography (Sinnot, 1963).
During development flowers prove to be true masters in the art of unfolding. The neatly 
packed flowers, packed more precisely than a parachute, unfold in a very spectacular 
way. It is precisely the 2-D shape that determines the way the buds are closed (figure
4.3). In open flowers the ref exing of the petals in a surprising way, seem to conform to 
superpolygonal shapes (compare figure 3.12).
0
Figure 4.2: Flower buds of Greyia sutherlandii(left) and Capparis yco (right).
In center colums, row number, left L; right R: Ochna atropurpurea (1L), Theobroma cacao (1R), 
Samolus valerandi (2L), Greyia sutherlandii (2R), Commiphora abyssinica (3L & 3R)
Figure 4.3: Orbea variegata (left and center left) and Platycodon grandiflorus
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Figure 4.4: Flowers with reflexed petals of rhododendron, rose, Tradescantia ohiensis, 
and Codonopsis sp., forming superpolygons
Inscribing flowers as trigonometric functions in superpolygons (Gielis and Gerats, 2004) 
allows one to model various flowers with radial symmetry and shows how petals are 
efficiently packed in a limited area. The relationship between shapes of flowers and 
trigonometric functions, was first postulated by the Guido Grandus in the 17th century 
(D'Arcy Thompson, 1917). "Square" arrangements of leaves are shown in figure 4.5, in 
sepals of various species of Hydrangea and in leaflets of the water fern, Marsilea quadri- 
folia,forming supercircular disks. The flower of Caralluma frere iin figure 4.5. is an almost 
perfect example of a geometrical supershape in nature (compare figure 2.10).
Figure 4.5: Hydrangea "Blue Wave" (left), Marsilea quadrifolia (center), Caralluma frerei 
and section of Okra fruit (Abelmoschus esculentum L.)
A trigonometric function is not only a projection function, but it is also a circle with the 
center on the shape itself (D'Arcy Thompson, 1917). In fa t organs like petals or vegeta­
tive leaves, such trigonometric functions grow with one point attached. Like vegetative 
leaves, petals and sepals are leaf-derived structures. In many flowers and developmen­
tal stages superpolygons provide a bounding box. Such bounding boxes or constraining 
functions are also observed in leaf blades of vegetative leaves. As an example cardioid 
and reniform leaves are shown in figure 4.6, in which the original cardioid (f gure 4.6 left) 
is inscribed in superpolygons def ned by equation 3. Such constraining functions will be 
dealt with in detail in chapter six on f  owers.
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A cardioid r  =1+cos^ is in fact an example of combining shapes, since it is the sum of 
a unit circle with a second unit circle with its center on its boundary. In all these plants 
the petiole is attached to the leaf blade in the origin of the cardioid. There are also plants 
where the petiole is attached in the middle of a circle, e.g. in floating leaves of Victoria 
amazonica, or plants where the petiole is slightly out of centre as in Tropaeolumspecies. 
In figure 4.7. some leaf types used in botany based on equation 3 are shown (Wang and 
Pan, 2006)
Hydrochoris
morsus-ranae
Polygonum
convolvulus
Rumex
acetosella
Fagopyrum tataricum  
Figure 4.6: Leaf blades of plants restricted by superformular distances
Hedera
saggitifolia
This allows for modeling development of leaves as concentric, yet anisotropic. Already 
Galilei showed that the distances reached by a marble rolling down a specif ed slope lie 
on a circle described by cosine function. In the same way the concentric development 
of leaves, is simply described by a one-parameter change, namely the radius (amplitude) 
of the cosine function, describing the constancy of relative growth.
l inea r oblong rhom bic lanceolate
ovate e llip tic  obovate cuneate
spatu la te  ob lanceo la te  o rb icu la r ren iform
0
Q
corda te  d e lto id  hasta te  sagitta te
Figure 4.7: Leaf types denned by equation 3 (Wang and Pan, 2006)
In plant phyllotaxis examples of non-integer value rotational symmetries are found. 
Superpolygrams with m = 5/2 have five angles in two rotations (2.5 per rotation) as is ob­
served in the quincuncial arrangement of sepals of rose and cross sections of Averrhoa 
carambola (star fruit). With the transition to fowering the vegetative phyllotaxis of 2/5
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(= 1/m) in rose, with 5 separate vegetative leaves in two rotations spaced apart 144°, 
converts into a whorled arrangement (in one plane). The petals in wild roses then form a 
5/1 arrangement. As noted earlier, pentagrams and natural 5/2 angles superficially share 
the same rotational symmetry with pentagons, but their generic symmetry is based on 
non-integer values for m.
Similarly, any generic symmetry based on Fibonacci numbers is included as well in equa­
tion 3 and 4, the average number of leaves per rotation given by this ratio of numbers 
(D'Arcy Thompson, 1917). With increasing Fibonacci numbers, a spacing angle of 137,5° is 
approached. The actual " golden-section-superpolygram" is a supershape with m = 0+1 
(Gielis, 2001).
Figure 4.8: Phyllotactic patterns
The value of the rotational symmetry m in equation 3 defines the precise spacing of 
the angles, and specif es the average number of leaves per rotation around the stem. 
Currently, phyllotactic patterns are based on Fibonacci numbers with the numerator by 
default being the smaller Fibonacci number. But in my view it is much more logical to 
use the symmetry parameter m, the inverse of the current phyllotactic number, namely 
5/2 (instead of 2/5), since this relates to the real generic symmetry and genetic spiral and 
also def nes the average number of leaves per rotation (D'Arcy Thompson, 1917).
It is interesting to note that with equation 3 small deviations are possible, such as 5/2.1 
angles, resulting in f  ve angles in slightly more than 2 rotations. This can account for small 
developmental deviations, but can also describe spiromonostichy, spirodistichy, spirotri- 
stichy and so on. The cross-sectional shapes of stems correspond in many cases to the 
phyllotactic pattern (Kaplan, 2001) and these can even be traced back to the leaf traces in 
the vascular system (Esau, 1953).
Much of the current software for modelling plants is more software motivated that driv­
en by botanical understanding (Deussen, 2003). In this respect it does not differ from
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other fields of technnology, like image analysis, which is "essentially a bag of tricks" 
(Koenderink, 2007). Combining equations 3 and 4 with the pure iterative systems intro­
duced originally by Lindenmayer (Prusinkiewicz and Lindenmayer, 1989) can provide a 
way of plant modeling (Barlow and Lück, 2008) in which modeling (as well as variations 
on a theme) can be combined directly with potential functions based on the intrinsic 
nature of the plants and plant organs (Gielis and Gerats, 2004; Weng, 2004; Fougerolle 
et al., 2009).
Plant M icroscopy
Supercircular forms are frequently observed at the anatomical level, such as in square or 
rectangular tracheids in pinewood. In bamboo culms, longitudinal sections have long and 
short parenchyma cells resembling piles of superelliptical building blocks (Liese, 1998, 
2005; Takenouchi, 1931). Also cells in cross section attain polygonal shapes.
Cuboidal cells are also observed in various genera of brown algae belonging to 
Dictyotaceae (Dictyotales: Phaeophyta) like Zonaria, Exallosorus, Homoeostrichus and 
Lobophora. These species can easily be characterized by the rectangular shape of their 
cells. Also in roots similar rectangular building blocks are observed, and the flat zone just 
underneath the quiescent zone of the root is highly reminiscent of the Flachpunkt or zone 
of higher order contact in superellipses and superparaboloids (see also Van Oystaeyen 
et al, 1996; Gielis, 2002).
Figure 4.9: Superpolygons in diatoms, from left to right: Trigonium, Hydrosera, 
Perissonoe and Amphitetras (from Round et al., 1991)
In f  gures 4.9 and 4.10 examples are shown of natural supershapes or 3D supershapes 
in diatom and pollen grains respectively. Polygonal shapes are found in marine diatoms 
like Pseudotriceratium, Sheshukovia, Triceratium and Trigonium. Other diatoms like 
Stictodiscus are quadrangular or pentangular or can have different symmetries (Round 
et al., 1991).
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Figure 4.10: Pollen grains
Animals
Similar forms can be observed in animals as well. A beautiful example of a monogon, in­
troducing mirror symmetry in one direction and asymmetry in a perpendicular direction is 
found in bird eggs. Radial symmetry is a prominent feature of various echinoderms. When 
the inward folding of the sides of pentagons is more pronounced, shapes of starfish 
are obtained. After the initial larval stage with bilateral and left/right symmetry, starfish 
(Asteroidea) develop into an adult stage with radial symmetry (Lowe & Wray, 1997). In 
figure 4.11 different specimen of some starfish species are shown.
When studying the relation between geometry and natural shapes, it is always a true joy 
to find almost exact correspondences of geometrical shapes in nature as in figure 4.5 or 
in starfish (figure 4.11). Because of the continuous nature of the formula however, it was 
also hoped to find starfish which have shapes which are intermediate between spheres 
and the typical starfish-shapes.
' k ' k ' k ' k ' k ' k ' k
Figure 4.11: Upper row: Culcita novaeguineae. Middle row left: Asterina gibbosa, right: Iconaster 
sp. Lower row left: Stellaster childrenii, right: Stellaster equestris
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Figure 4.12: Various specimen of Culcita novaeguineae
This prediction was indeed fulfilled with the pin cushion starfish, found in the Philippines. 
The coral reef asteroid Culcita novaeguineae provides beautiful examples of pentagonal 
to spherical shapes, yet retaining its pentagonal symmetry (figures 4.11, 4.12 and 4.13). 
The juvenile life from metamorphosis into the pin cushion form, takes two years. Growth 
is exponential but with very low growth rates (Yamaguchi, 1977).
Figure 4.13: Culcita novaeguineae with details of short arms and central symmetry
As examples of equation 4, where equation 3 acts as a transformation on functions, 
we find logarithmic spirals which occur widely in nature, for example in shells of mol­
luscs, with Nautilus as the classical example (D'Arcy Thompson, 1917). Other excellent 
examples can readily be observed in various other shells like Architectonica perspectiva 
(Architectonicidae) and snails like the famous manus green papuina (Papustyla 
pulcherrima). Unlike Nautilus and various snails, many shells are not simple logarithmic 
spirals as seen in the varices and combs of shells of trapezium horse conch (Pleuroploca 
trapezium), Cymbiola imperialis, Strombus species, and murexes.
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Nature has always experimented with such transformations. Inscribed in a triangle, the 
logarithmic spiral models triangular coiling as observed in various ammonoids, more 
specifically in a group known as gonioclymenids. Triangular coiling has occurred at 
least three times during the evolution of the Wocklumeriaceae, in genera such as Solic- 
lymenia, Kamptoclymenia, Trigonoshumardites, and Trigonogastrioceras. Other genera 
have quadrangular or triangular coiling in early stages of development (Becker, 2000; 
Becker, pers. comm.)
Supershapes in Physics
The fact that so many natural shapes seem to conform to simple mathematical principles 
of description, can be considered as a further example of parsimony in nature. In this 
respect, I would like to present five examples of shapes from physics that can also be 
described by the equations presented in chapter two. These only serve the purpose of 
exemplifying of how superpolygonal shapes are regularly encountered in physics as 
well.
Snow crystals, the quintessential example of diversity and beauty in physics, provide the 
fi rst example. Depending on the conditions under which snowflakes are formed, they at­
tain specif c shapes, ranging from cylindrical to dendritic shapes. While the diversity of 
dendritic patterns is most well-known, there is a variety of snowflakes which have very 
regular shapes. In figure 4.14 five examples are shown, all with hexagonal symmetry. 
Indeed, also the right snowflake retains full hexagonal symmetry, but with short and long 
axes A and B as shown above. Such hexagonal-triangular shapes can be observed, for 
example, in silver halide crystals (Kindratenko et al., 1999). In this study such shapes have 
been referred to as truncated triangles, based on a Fourier analysis of those shapes.
The examples in figure 4.14 are taken from Bentley and Humphries (1931) and the same 
collection of snow fakes was also used to show how scaling symmetry, hexagonal lat­
tices an hexagonal star polygons can be used to describe such snowflakes (Janner,
1997). This approach was extended later to DNA and proteins as well (Janner 2001, 
figure 4.15).
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Figure 4.14: Snow crystals, all with hexagonal symmetry (Bentley and Humphries, 1931).
Indeed, it seems that the superformula provides an approach that allows for an alterna­
tive and improved description of such shapes. For DNA the extension into a helix into a 
direction perpendicular to the plane of the superpolygon is analogous to the helix shown 
in figure 3.5. Crystals provide a second example as the basic shapes in crystallography 
(cubic, triclinic, hexagonal...) can be described by equation 11. In the original work of 
Gabriel Lamé (1818) such shapes were derived from cubes and beams by cutting a base
Figure 4.15: DNA with integer and non integer symmetries. Left. decagonal m = 10, 
Center left: m = 11/4, Center right: m = 10/3 and right: heptagonal (m=7) (Janner, 2001)
The third example, in the field of fluid mechanics, is of superpolygonal shapes in viscous 
fluids (Ellegaard et al., 1998; Aristoff et al., 2004). When a viscous fluid flows onto a fa t 
surface, superpolygonal shapes are formed, unlike the circular shapes observed when 
water flows into the kitchen sink. The shapes are supposedly polygonal tori, which rotate 
to allow fluid to flow underneath. The polygons range from triangles to heptagons (in 
Ellegaard et al., 1998), depending on the parameters of the experiment (fluid flow velocity 
and height of fluid level). Under the same experimental conditions, different solutions can 
coexist. For example, with a needle additional angles can be created.
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With the knowledge of the symmetries in the superformula, the existence of zerogons, 
monogons and diagons (see fi gure 4.16 middle row, right column for a diagon), has been 
experimentally verified during my visit to the CATS institute in Kopenhagen in 2000 (Gielis,
2001).
Figure 4.16: Superpolygons and supertori in fluids with high viscosity.
(Image on the lower right by Aristoff et al., 2004)
Non-organic shapes in snowflakes, fluid mechanics, crystals and molecules described 
with the equations 3 and 4, corroborate the existence of superpolygons in living or­
ganisms. Over a vast range and different orders of magnitude super-polygonal shapes 
are found in nature, from the molecular level to the macroscopic level of everyday life. 
If one considers circles (or zerogons) and spheres as special cases, belonging to the 
same family of curves and surfaces and described by the same equations, this further 
encompasses, as a fourth example, such well known spherical shapes as observed in 
soap bubbles, mercury drops, and planets (fi gure 4.17).
Figure 4.17: From left to right: Venus passing before the Sun; Earth; Moon; galaxy; soap bubbles; 
spheres of the Atomium (Brussels) symbolising the iron atom; soap bubbles; air bubbles
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In the Epilogue of "On Growth and Form", D’Arcy Thompson writes: "So the living and the 
dead, things animate and inanimate, we dwellers in the world and this world wherein 
we dwell are bound alike by physical and mathematical law “. There is indeed also a 
relationship with the world-at-large "wherein we dwell", providing the fifth example. 
From a formal point of view there is a connection between the superformula of fl owers 
and plants on the one hand, and certain space-time models on the other (Gielis, Haesen, 
Verstraelen, 2005).
Space-time metrics in Friedman-Robertson-Walker-LemaTtre models (also known as the 
Big Bang models) on R4 are given in local coordinates by equation 13 with c(t) constant 
curvature and k the curvature (for k = +1, 0 or -1):
ds2 = - d t 2 +  |c(f).|^1 +  ^ .
Equation 13
The transformations of the fa t 3D-Pythagorean metric ds2 = dx2 + dy2 + dz2 into 3D 
metrics of any constant curvature by multiplication with appropriate functions are es­
sentially due to Riemann and Helmholtz. In space-time metrics like equation 13 one can 
observe the conformal deformations of fa t space-metrics to metrics of constant spatial 
curvature which may change in the course of time, which all in all amount to formal 
deformations of the theorem of Pythagoras quite alike the above supertransformations 
act upon the equation of Euclidean circles or spheres.
( x 2 +  /  +  Z2 ) .{dx2 + dy2 + dz2)
Conics and Simplexity
So, Lame’s initial approach to crystallography using superellipses, Piet Hein’s su­
pereggs, the shape of bamboo culms, bird eggs, starfish and shells, DNA-molecules 
and flowers, pollen grains of plants and even galaxies and space-time, all do assume 
shapes with similar geometrical formal descriptions (Verstraelen, 2004). This publica­
tion introduced the names Gielis’ curves, -surfaces and -transformations in geometry.
A unifying description is an important step to in-depth studies of natural shapes, well 
expressed in the following text7:
Excerpts from a letter of Professor L.Verstraelen w ith regard to Gielis et al., 2005.
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" The basic shapes o f the highly diverse creatures, objects and phenomena, as they 
are observed by humans, either visually or with the aid o f sophisticated apparatus, can 
essentially, either singular or in combinations, be considered as derived from a limited 
number o f special types o f geometric figures. From Greek science up to the present 
this is probably the most important subject o f natural philosophy. Examples are found in 
regular polygons or polygrams in DNA molecules and snowflakes, spirals in galaxies, 
sunflowers and snails, parabola's and ellipses as trajectories o f projectiles, planets, etc. 
The theories which explain these natural shapes, use definitions and mechanisms which 
are special to certain disciplines where these creatures, objects and phenomena are 
studied (crystallography, biology, chemistry...).
The formal geometrical descriptions however for these diverse ways of explaining (e.g. 
using concepts like energy, reaction-diffusion...) give rise to solutions of essentially the 
same shapes...
When we return to circles, these are the most symmetrical among all planar curves, 
describing growth from a central point with perfect isotropy. By applying the appropri­
ate Gielis' transformations (which are technically determined by just a few  parameters), 
this results in an immediate and accurate description o f the symmetries and shapes of 
e.g. flowers or hexagons in viscous fluids or honeycombs. The geometrical description 
of curves and surfaces and the shapes which are derived via Gielis-transformations, 
describe and determine in a uniform and universal way an enormous diversity o f natural 
shapes".
With respect to 'precise’ descriptions, it is noted that geometry helps us understanding 
the heart of the matter. D’Arcy Thompson wrote: " The mathematician knows better than 
we do the value of an approximation. The child's skipping rope is but an approximation of 
Huygens' catenary curve -  but in the catenary curve -  lies the gist of the matter. "
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Abstract
In this chapter we focus on supershapes in physics and the relation to optimization.
I wish to draw attention to outstanding recent work of M. Koiso and B. Palmer on Constant 
Mean Anisotropic Curvature (CAMC) surfaces, as a generalisation of CMC surfaces.
Anisotropic Delaunay surfaces are presented, based on supershapes as Wulff shapes as 
developed by Koiso and Palmer. Supershapes as well as derived anisotropic Delaunay 
surfaces are related directly to conic sections, the former as a generalisation, the latter 
because they are based on rolling supercurves over a flat surface.
For our purpose it provides a further step from the purely descriptive (chapter 2 and 4) 
to a physico-geometrical foundation of natural phenomena (which was in fact already 
partially achieved considering that planes, spheres and Delaunay surfaces are special 
supershapes).
#
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Constant Mean Curvature Surfaces for 
isotropic and anisotropic energies
Circles and spheres, which are also supershapes, bring us into the realm of optimiza­
tion in physics in which objects try to realize optimal shapes given specif c conditions. 
Circles are the example of the classical isoperimetric principle, which states that given 
an area, the circle is the shape with the least perimeter to enclose this area. (If however, 
an additional constraint is given, such that the shape has to go through four points of 
a circumscribing square, Lamé curves are excellent solutions. In the unit supercircles 
shown in figure 2.1, one can see at least four trivial examples, with for area = 0, the co­
ordinate axes, for area = 2 the inscribed square with straight lines connecting the point 
on the square, for area = n the circle and for area 4 the circumscribing square).
Spheres are the most common examples of surfaces with constant mean curvature. In 
soap bubbles spheres are the perfect shape for a solution, minimizing (differences in) 
surface tension. This phenomenon should in a mathematical sense not be restricted to 
the physical notion of surface tension only, but should be considered as a tendency to 
minimize the tension from the surrounding space. The geometrically natural curvature 
conditions concern on the one hand, in their simplest form, the constancy of curvatures 
like the extrinsic curvature, expressed by the mean curvature H (expressing uniform 
surface tension) or the intrinsic curvatures, expressed by Gauss curvature K for surfaces 
M  in Euclidean 3D-space, and thus are examples of realizations of basic symmetries or 
still of classical variational optima.
The rotational surfaces o f Delaunay, i.e. those of constant mean curvature H, (planes 
and catenoids for H = 0, spheres and circular cylinders and unduloids and nodoids for 
H * 0) are of very special interest since the generating curve is obtained by rolling conic 
sections over a plane (Delaunay, 1841). When the generating curves obtained by rolling 
a circle, ellipse, parabola and hyperbola, are rotated around the base line, they give rise 
to cylinders, unduloids, catenoids and nodoids respectively.
Figure 5.1: CMC surfaces
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These shapes also do effectively occur in various fields of the natural sciences, more 
specifically in living organisms (D'Arcy Thompson, 1917), and serve as "equilibrium 
shapes" for these organisms, feeling at home in the sea.
Koiso and Palmer (2007; 2008) have defined constant mean anisotropic curvature (CAMC) 
surfaces, i.e. anisotropic analogues of catenoids and Delaunay surfaces, using super­
shapes as examples par excellence of convex shapes or Wulff shapes (figures 5.2 and
5.3). A Wulff shape is the "sphere" for an anisotropic energy in the sense that it is the 
minimizer of the energy for a fixed volume. More generally, from a technical point of 
view, any of the three dimensional shapes defined by equation 10 is a Wulff shape which 
means that the shapes are minimizers for certain anisotropic energy functionals (Koiso 
and Palmer, 2006).
The supercatenoid has the property that sufficiently small pieces of it minimize the aniso­
tropic energy defi ned by the Wulff shape among all surfaces having the same boundary.
Figure 5.2: Examples of Wulff shapes and associated catenoids, unduloids and nodoids. 
Upper row, left to right: Wulff shape (m, n,, n2, n3, M, N,, N2, N3) = (3; 3,2; 4; 4; 6; 10; 4; 4), 
catenoid, top view of catenoid, part of unduloid, nodoid. Lower row, left to right: 
Wulff shape (m, n,, n2, n3, M, N,, N2, N3) = (3; 10/9; 10/9; 10/9; 3; 10/9; 10/9; 10/9), catenoid, 
top view of unduloid, nodoid, cross section of nodoid (Koiso and Palmer, 2008).
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Figure 5.3: A supercatenoid (right) minimizing the anisotropic energy defined by a cube with 
(m, n1, n2, n3, M, N1, N2, N3) = (4; 40; 40; 40; 4; 40; 40; 40; 40) among all surfaces having the 
same boundary (Koiso and Palmer, 2008).
A superunduloid is then a critical point for this energy with a volume constraint so it has 
constant anisotropic mean curvature for this functional (like the classical unduloid does 
for the area functional). Sufficiently small pieces of the unduloid and supernodoid mini­
mize the anisotropic energy defined by W  among all surfaces having the same boundary 
and enclosing the same three dimensional volume.
In Koiso and Palmer (2008) the connection to D'Arcy Thompson's equation for non- 
spherical shapes illustrates what such anisotropic energy exemplifies.
T. T, 
A  =  —  +  —  =  Constant 
Rj R2
Equation 14
Here A  is the anisotropic mean curvature, 1/R1 = k, and 1/R2 = k2 (the principal curvatures 
of a smooth surface), and T,, T2 are orthogonally directed tensions which depend on the 
material and the normal directions of the surface at each point. A  = constant means that 
the anisotropic mean curvature is constant on the whole surface and this surface then 
is called a CAMC surface. In the special case where T, = T2 = 1/2 equation 14 yields H, 
the mean curvature, and for H = constant we obtain the classic mean curvature surfaces 
CMC.
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Equilibrium shapes for far-from-equilibrium  
conditions
Snowflakes provide nice examples of superpolygons. Even "triangular" snowflakes 
retain their hexagonal ice symmetry as supershapes, with alternating short and long 
sides, thereby refecting the molecular symmetry of ice. There may also be a connection 
with fusion in flowers, or more generally with stability and optimization, as is illustrated 
in figure 5.4. Despite the large variation, many snow crystals can be understood using 
fusion between developable and constraining functions as described for flowers (see 
chapter six).
Figure 5.4: Snow crystals and fusion (From Bentley and Humphries, 1931)
The first systematic study on snowflakes goes back to Kepler's Strena seu de nive 
sexangula (1611), in which the six-cornered snowflake was interpreted for the first time 
in terms of the underlying symmetry. Kepler based his consideration on close packing of 
spheres, and later the underlying molecular symmetry of ice turned out to be six.
The geometrical description of snowflakes has not seen great progress, with the excep­
tion perhaps of Aloysio Janner whose article, to stress the occurrence of polygrams 
(sense of Coxeter) or star-shapes in snowflakes, was titled De nive sexangula stellata 
(Janner, 1997).
In the past century quite a lot of research has been performed to understand the physical 
basis of snow crystals (see Libbrecht 2005 for a review). With a fixed molecular symmetry, 
the growth and actual shape of the snow crystal depends on a range of parameters. The 
diversity in snowflakes is enormous, and one finds, among others, dendritic types, plates, 
(hollow) columns, capped columns (figure 5.5); the physics lead to quite complicated 
diagrams. From a physico-mathematical perspective, little progress has been made. A 
major open problem in crystal formation is the existence of equilibrium shapes.
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Figure 5.5: Types of snowflakes
Libbrecht (2005) states that equilibrium surfaces have not been observed for snowflakes. 
Spheres or classical Delaunay shapes, as equilibrium shapes, have never been observed 
in snowflakes. Further, Libbrecht stated that not only equilibrium shapes are not observed 
in snowflakes, but also that surface energies play negligible roles in snowflake formation.
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When anisotropic energies are considered however, a range of shapes of snowflakes 
can be seen as constant anisotropic mean curvature CAMC surfaces, or minimal sur­
faces for anisotropic energies. Such shapes then are equilibrium shapes for processes 
where very short formation times and long range correlations (typical of far-from-equi- 
librium thermodynamics, Nicolis and Prigogine, 1989) dictate the development.
The existence of equilibrium shapes described by CAMC surfaces in crystallography 
has the following results: First, a unifying descriptive approach for crystal formation 
with very different formation times; second, it suggests strongly that surface energies 
do play an important role, also far-from-equilibrium, and finally, (snow)crystal growth can 
be embedded into the broader framework of submanifold theory, the theory of shape. It 
is mentioned in passing that a wide range of the shapes encountered in crystallography 
(cubes, prisms, triclinic, hexagonal...) are supershapes.
Figure 5.6: Examples of snowflakes (Libbrecht, 2005)
The shapes of figure 5.3. can easily be turned into hexagons, by admitting one of the 
cross sections to become hexagons instead of squares. The resulting Wulff shape will 
be a hexagonal prism, while the resulting minimal surface will be a supercatenoid with 
hexagonal cross section, planes and (almost) right angles between planes and caps.
Capped columns, simple prisms, needles, cups, bullets and other shapes of snowflakes 
of figures 5.5. and 5.6. can thus be understood as equilibrium shapes for a certain ani­
sotropy operating from the very beginning; this anisotropy is retained in fully developed 
snowflakes. It should be clear that actual snowflakes are the result of very complicated 
physical processes, but that CAMC surfaces as equilibrium shapes for far-from-equi­
librium conditions may provide a solution to the aforementioned major open problem of 
equilibrium shapes and surface energies.
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Snowflakes, sealilies and flowers
It is interesting to look at various other shapes in nature, where supershapes could 
also provide equilibrium states, even if many of those shapes occur in thermodynamical 
far-from-equilibrium conditions as for example in fluid mechanics or flower development. 
It seems in fact the case in flowers and sealilies. During growth, development and during 
lifetime in general, they try to minimize certain anisotropic energies in the same way the 
shapes of snowflakes are the result of the molecular symmetry of ice which is imposed 
from the early stage of nucleation and retained throughout. The symmetry of fully devel­
oped flowers is the result of the earliest stages of development, with the symmetry im­
posed from the start by the flower buds (and with petals as possible solutions to minimize 
tension and stress). The development of sealilies (figure 5.7) is another example.
Figure 5.7: Sealilies (Haeckel, 1904)
This then can provide a geometrical foundation for crystallography and for natural 
shapes in general, with a direct relation to soap films, minimal surfaces and surfaces of 
constant mean curvature, but extended to CAMC for anisotropic energies as equilibrium 
shapes for far-from-equilibrium conditions. For the purpose of this thesis it provides a 
further step from the purely descriptive (chapter two and four) to a geometrical founda­
tion of physical phenomena.
Ü 1
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Research of supershapes with the remarkable correspondence to natural shapes will 
increasingly become the study of the way they present solutions to optimization prob­
lems through their properties, curvatures (the mathematical DNA of shapes) and related 
invariants. This includes constancy of curvatures (for example rotational surfaces of 
Delaunay) and inequalities between curvatures. The latter give inevitable relations be­
tween curvatures that fundamentally relate to the intrinsic nature of these shapes, and 
curvatures which fundamentally relate to the shape which these shapes assume in their 
ambient world, i.e. extrinsic curvatures.
In general terms, a submanifold is said to be an ideal submanifold in some space when it 
actually realizes at all of its points the equality in a generally holding inequality regarding 
certain curvatures. Given their intrinsic structures, which normally submanifolds have 
the tendency rather not to change, ideal submanifolds thus experience the least pos­
sible external curvature which might be imposed on them by the form they assume in a 
given surrounding world, much like in some sense experiencing the least possible stress 
which the living conditions in these ambient spaces may impose on the submanifolds, 
the creatures, which happen to live in these worlds. An ideal submanifold is then said to 
be ideally embedded (Chen, 2003). Recently also space-time models have been shown 
to be ideally embedded in Lorentzian spaces (Haesen and Verstraelen, 2004).
Similarly, plant shapes in morphology and anatomy, crystals and snowflakes, also strive 
for the status of ideal submanifold, adapted to the surrounding space in the best possible 
way, in a certain type of equilibrium, irrespective of development times or materials. One 
will not fail to see the inevitable connection to the natural world in evolution, and how 
the intrinsic qualities of shapes, represented by either or both biological or mathemati­
cal DNA, necessarily have to relate to and interact with the world-around. All creatures, 
great and small, animate or inanimate, have to cope with a range of challenges in dif­
ferent ways. Coping with the "environment" successfully means nothing more or less 
than finding a best way of living in a best world, since both the fit creature, and the world 
around, play their part in this interactive and inevitable co-existence.
This is an important step in addressing René Thom’s challenge, namely "to construct an 
abstract, purely geometrical theory o f morphogenesis, independent o f the substrate of 
forms and the nature o f the forces that create them'. The descriptive part are curves and 
surfaces and the shapes which are derived via Gielis-transformations (of e.g. the conic 
sections) which, describe and determine in a uniform and universal way an enormous 
diversity of natural shapes. Conic sections are at the core, once more.
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Abstract
In this chapter I show that fusion in flowers can be described efficiently using equations 
3 and 4 and how fusion is correlated directly and indirectly with optimization. It is then 
shown how this model, using addition and multiplication, connects to the most funda­
mental notions and first principles in geometry and mathematics, namely geometric and 
arithmetic means. This then provides the connection between the purely descriptive 
("the shape-generating-formula") and optimization principles.
#
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Introduction
A geometrical model of natural shapes or phenomena needs not only to be "efficient" 
or "parsimonious" in some way, but it also needs to be "deeply-connected"tofirst princi­
ples in mathematics. Therefore it should be shown that beyond the descriptive and unify­
ing aspect of supershapes, description itself relates to the oldest and most fundamental 
notions and first principles in geometry and mathematics, which were in fact known in 
ancient Greek mathematics.
In this chapter it is shown how fusion, which is correlated with development and with 
evolutionary and co-evolutionary strategies in plants, can be described efficiently using 
equations 3 and 4. This model is then shown to be connected to the most fundamental 
notions in geometry and mathematics, namely geometric and arithmetic means. For com­
parison, it is shown how the same principles apply in differential geometry of surfaces, 
giving a direct arithmetic meaning to the geometry of surfaces.
Fusion in plants: innovation and adaptation
Fusion in plants is a quite general phenomenon observed in reproductive structures, 
and in the shape of succulents or vegetative leaves. The structure of succulent stems, 
in families as diverse as Asclepiadaceae, Cactaceae and Vitaceae, is an adaptation to 
xeric conditions. For vegetative leaves, one needs only to compare the diversity of leaf 
shapes within the genus Acer or to compare Acer japonicum leaves with Hippocastanum 
leaves. The molecular basis of such fusions has been characterized in some cases, for 
example the unifoliata gene in beans (Marx et al., 1987) and in flowers (Vandenbussche 
and Gerats, pers. comm.) but no mathematical model exists to properly describe such 
fusion (Jenssen, 2003) and understand its importance for plant morphology.
In flower evolution, fusion is a key innovation, giving a new feature that is stable in a 
larger clade. Stability can be interpreted to mean that the feature has become so essen­
tial that it was never again reverted (Endress, 2001). In angiosperms fusion is observed in 
key innovations as syncarpy, sympetaly and the formation of floral tubes. Alternatively, in 
the succulents fusion acts as morphological adaptation to xeric conditions as a general 
adaptive strategy in plants, through convergent evolution. In contrast to key innovations 
in flowers which can be identified at the molecular level relatively easy, general adap­
tive mechanisms like succulent habits are not easy to define with the current state of 
knowledge.
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As is common in biology, such distinctions are not clearcut. A succulent habit has been 
a key innovation for a whole family (Cactaceae), but can occur in different families, in 
specif c species adapted to xeric conditions. A good example is Cissus quadrangularis 
(Vitaceae), a species with square stems. Many Cissus species are climbing species, 
including C. quadrangula, but the latter can grow under xeric conditions. In these cir­
cumstances only the stems grow and leaves only appear under conditions of sufficient 
water.
Fusion in cacti and succulents can be understood as a fusion of leaves and/or decurrent 
leaf bases (Kaplan, 2001). In figure 6.1 centre a morphological sequence is shown for 
fusion and formation of cacti. Pereskia is generally considered as the predecessor of 
cacti, but recent research has shown that the Pereskia group is paraphyletic (Edwards 
et al., 2005). In any case, from a morphological point of view, it precedes the formation 
of fused leaves, forming succulent stems in cacti. One can find different morphological 
intermediate types between Pereskia and other cacti. In this case the leaf blades are 
strongly reduced and the decurrent leaf bases swell to form a thick stem. A similar se­
quence can be observed in columnar cacti, in which the leaf bases and the leaf blade 
are involved.
Figure 6.1: Left Pereskia, a leafy cactus. Central: Morphological sequence of fusion 
(From Troll, 1959). Right: Ferrocactus stainesii
In columnar cacti the radius and the extent of fusion leading to the formation of ribs, 
are dependent on the height along the culm. In general less fusion will occur in upper, 
more slender portions of the stem, and more fusion in the central part (figure 6.2). Ribs in 
stems add to mechanical strength (Niklas, 1992), but also allow for swelling when water 
is absorbed by the stem. In particular, when filled with water, stems swell and ribs flatten, 
although the surface area remains constant (Mauseth, 2000). Irrespective of the shape, 
there exists a remarkable constancy of area versus volume.
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Figure 6.2: Sequential cross sections through columnar cacti: Selinocereus (left), 
and Pachycereus pringlei (from Molina-Frearer et al, 1998)
Combining two supercurves p1(^) and p2(0) defined by equation 3 thus defines 3D su­
pershapes (equation 11) based on two perpendicular sections p 1 and p2. As an example, 
when both sections are superellipses (equation 3 with m = 4; n1 = n2 = n3), superellipsoids 
are obtained. As we have seen, when both p1 and p2 are circles (p1 = p2 = 1), a sphere is 
obtained; when p 1 and p 2 are both squares, the resulting supersurface is a cube, and so 
on. A wide range of known shapes including spheres, cylinders, pyramids and beams, 
but also columns and cacti can be defi ned unequivocally in this way.
The symmetry parameter m in the cross sections does not need to be an integer. Non­
integer symmetries describe for example the transition from a spiral phyllotaxis of 5/2 in 
rose, into planar arrangement, which is refected in the sepals, and which are described 
by a superpolygon with symmetry m = 5/2 in equation 3 (see figure 2 in Gielis, 2003b). This 
type of non-integer symmetry allows leaves to fuse, forming a planar structure. In cacti 
and succulents such non-integer symmetries also occur.
Astrophytum (figure 6.3) is one example where spiral phyllotaxy is petrified into sphere­
like plant. Its three dimensional shape uses the economy of equation 3, and is described 
by two perpendicular sections with m = 5/2 and exponents n = 1 in horizontal section p 1, 
and a circle p2, in the perpendicular, vertical section, whereby p t and p t are defi ned by 
equation 3. It is remarked that along the proximal-distal axis the horizontal plane needs 
not to remain constant. This provides also a geometrical basis for understanding a range 
of characteristics of cacti. For example, once surface area has been fixed (the surface 
area of the cactus), the stem can still swell taking up water and act as a reservoir and 
the expansion then increases cross sectional area.
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Figure 6.3: Left and right: Astrophytum, Center: a supershape based on two sections , with 
proximal-distal section a circle, and with horizontal section a 5/2 polygram.
Fusion as a key innovation in flowers
Fusion of petals and other floral parts has been a major driving force within the flowering 
plants. Syncarpy is the clearest example as a key innovation for the Angiosperms, but 
sympetaly is the most conspicious one. In asterids it is a real breakthrough providing an 
enormous potential for the diversification of flowers (Endress, 2001). The architecture 
becomes more stable, larger fl owers are more easily made (e.g. Rafflesia) and a wide 
spectrum of pollination syndromes becomes possible (Endress, 1994).
Figure 6.4: Stapelia grandiflora
Our model plants are Stapeliads (Asclepiadaceae; figure 6.4). These are small succulents, 
with carrion fl owers with fused petals, belonging to genera Huernia, Orbea, Caralluma, 
Hoodia and many more (Albers and Meve, 2002). They have extremely beautiful fl owers 
with fused petals, but with a carrion scent, aiming to attract insect pollinators. Stapeliad 
flowers are known as the "orchids of the dicot group", with advanced and complex flow­
ers (figures 6.4 and 6.5). The structure of the fl owers is clearly three-dimensional with
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internal structures that are highly elaborated to attract and capture insect pollinators 
(Endress, 1994). Stapeliads grow in xeric conditions, and a strong competition for specific 
pollinators, is a major evolutionary driving force.
A key feature of stapeliads and their flowers is stability (Endress, 1994; Albers and Meve,
2002). The pentagonal symmetry in flowers of Stapeliads is extremely stable indeed and 
the development of the flower with postgenital fusion processes is a very precise one.
Figure 6.5: Flowers of stapeliads, from left to right (and from upper to lower rows): 
Huernia guttata, Edithcolea grandis, Angolliima laticorona, Diivalia sulcata (upper right), 
H. oculata, H. recondita, H. insigniflora and Caralluma frerei(lower right).
Strategies for fusion in flowers
A model for choripetaly and sympetaly in flowers
In previous publications (Gielis 2003a,b; Gielis and Gerats, 2004) it was shown how chor- 
ipetalous flowers can be described by equation 4, using f(^) as the Grandi-flowers or 
rose curves, fully integrated within equation 4 itself. Here however, we consider f(cp) and 
the transformation function in equation 4 as separate functions. The decoupling of the 
two functions allows for considering the dynamics of the interplay of these two functions, 
with the circumscribing superpolygons as constraining the development.
The rose curve (or more generally the f(^) part of equation 4) is then considered as the 
developable function DF (which can be understood as a function that wants to develop 
and grow in an isotropic space). The superformula function (equation 3, or the denomi­
nator in equation 4) is the constraining function CF, since it imposes a constraining
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geometry, in which the developable function can expand, albeit in an anisotropic way 
with preferred directions and distances (for CF different from 1). Because of the use of 
trigonometric functions with absolute values m/2 should be used (Gielis, 1999). Using mul­
tiplication of the developable function DF and the constraining function CF, a wide range 
of choripetalous flowers are described efficiently (figure 6.6; see also Gielis, 2003a).
Figure 6.6: From left to right: Tradescantia, Nicotiana sp, strawberry, Geranium
In sympetalous flowers however, petals are fused to some extent. In our model, fusion is 
achieved using weighted addition of the two functions, defined by a weight parameter a.
p =  a.DF  +  (1 -  a).CF
Equation 15
Using weighted additions between f(q>) and the superformula-part in equation 4, the 
“ inf uence" of the developable function DF (the rose curve, in green in figure 6.7) or 
the constraining function CF (the superpolygon, in blue, figure 6.7) can be adjusted. The 
constraining pentagon with m = 5 has exactly the same area as an inscribed square (with 
m = 4 and n = 1) and for both sum of inner angles is 2n.
Addition with a fusion parameter a  describes fusion of petals in Asclepiad fl owers. Val­
ues for the fusion parameter a  can range from 0 to 1, where CF is a pentagon (m = 5) 
with exponents n = 1. In Frerea indica the flower almost completely approximates the CF 
(a = 0,1). In figure 6.5 one observes that the influence of CF is much greater in Huernia
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guttata, H. insigniflora, H. oculata and Caralluma frerei, where petals are almost com­
pletely fused, while in Angolluma laticorona, Duvalia sulcata, Edithcolea grandis and 
Huernia recondita both functions contribute about half (i.e. a  = 0,5, which corresponds 
to the arithmetic mean of CF and DF).
The use of multiplication and/or weighted addition between DF and CF further allows to 
define three simple strategies (S1-3), which account for the variation in flowers, includ­
ing polysymmetric and monosymmetric flowers. The first strategy S1 operates on one 
of the two functions only. The second S2 and third S3 strategies use multiplication and 
addition of both functions respectively, allowing for the description of choripetalous 
and sympetalous fl owers. It is remarked that circumscribing polygons can also have 
low rotational symmetry, which introduces bilateral symmetry, as is shown in the right 
example of S2 in table 6.1.
Figure 6.7: Example of Huernia flower and Caralluma frerei (syn: Frerea indica) (right)
Table 6.1: Three basic strategies in petal development
S1: Modify Individual Functions
S1A: Modify the developable function DF 
= power ofrose curve (DFn)
S1B: modify the Constraining function CF (= SF) 
= power o f SF function (CFn)
S2: Multiplication of CF and DF
= product of DF and CF
S3: Addition of developable and constraining function.
= aDF + (1-a) CF with 0 < a  < 1.
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The next simple operations between functions exist in exploring combinations of the 
above strategies (table 6.2). One result of such combination of different strategies is 
shown in Tunberghia alata (figure 6.8) where fusion of the petals S1+S2+S3, creates 
a central (black) tube which is a 3-dimensional fold concealing the stamens and pistil.
Table 6.2: The combination of three basic strategies
S1 + S2: increase DF and impose constraining geometry
S1 + S3: increase DF and fuse parts
S2 + S3: Impose CF and fuse parts
S1 + S2 + S3: increase DF, impose CF and Fuse Parts
This model not only allows to describe a wide range of flowershapes, but the same 
principles are observed in carpels, ovaries and fruits (observe for example the triangular 
carpels as in Lilies and other monocots), integrating fusion in flowers, fruits, leaves and 
carpels into one coherent and unifying framework.
Figure 6.8: Black-eyed Susan ( Tunberghia alata)
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Optimization of area use efficiency and total perimeter
The constraining of the space - the action of CF onto DF thereby introducing anisotropy 
has many positive effects, for example the equidistant positioning and spacing of fl ower 
organs, in sepals, petals, stamen and in developing gynoecia in the "corners" of the 
superpolygons. This equidistant positioning is one of the two main "laws" in radially 
symmetric flowers (Weberling, 1989). They also provide straightforward examples of 
optimization.
Area Use Efficiency Ratio AUE is defined as the ratio between the area of the fused 
flower to the area of the underlying constraining geometry, the superpolygon or CF (see 
figure 6.10). In the case of the classic rose curve inscribed in a Euclidean circle the 
AUE is only 50% (or 50% of lost space, figure 6.11, blue line). In this particular "ground 
state", there are no constraints acting on the developable function, and all directions 
are the same.
In contrast, when the area of the petals is compared to the area of the underlying su­
perpolygons AUE approaches 90% (figure 6.10, green line). A similarly very efficient area 
use is also observed in the square arrangements of leaves in sepals of various Hydran­
gea's and in leaflets of the Water Fern Marsilea quadrifolia (Marsilaceae). The highest 
efficiency is seen in Asclepiad flowers with a  < 0.1 where the space use efficiency 
approaches 100% CF (Huernia species figure 6.5, Caralluma frerei, figures 6.5 and 6.7).
Figure 6.9: Sepals of Hydrangea "Blue Wave" and leaves of Marsilea quadrifolia
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Figure 6.10: Area use efficiency theory in terms of fusion factor a. The blue line compares 
the AUE of a Rose curve inscribed in a Euclidean circle. The green line compares 
the AUE of a rose curve inscribed in a pentagon with m = 5 (compare figure 6.6).
The effect of fusion as observed in flowers of Asclepiads [Huernia, Stapelia, Frerea) also 
is to increase second moments of inertia and less free perimeter of petals [figure 6.11). In 
these figures one observes for a  = 0 an area of 2 [100% in figure 6.10) which is precisely 
the area of an inscribed square with m = 4 and n = 1.
Figure 6.11: Area (blue), polar moment of inertia (green) and perimeter (red) 
in function of fusion factor a  (0 < a  < 1).
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A biophysical rationale for fusion in flowers
The present model originates in a question to the author by Dr. K.J. Niklas, whether fu­
sion, one of the major themes in the evolution of flowers, could be understood in terms 
of equation 4. Weighted addition provided the link with fusion. Describing fusion in f  ow­
ers, floral structures and succulent stems is shown to be feasible within one single and 
coherent framework. Strategies for flower shape, including choripetalous, sympetalous, 
polysymmetric and monosymmetric flowers [see table 6.2, S2 for an example), can be 
cast into simple rules of addition and multiplication. The use of non-integer symmetries 
allows to define any symmetry within the flowers, whorled or spiral.
The synorganisation of floral elements allows flowers to experiment with enhanced flex­
ibility in shape and other properties of the elements themselves and with new structures 
produced by the elements and superimposed on the elements, for example the corona in 
Apocynaceae and lip elaboration in orchids [Endress, 2001). Fusion of petals [S3) is ob­
served in all Asclepiads and Stapeliads, thereby creating a stable centre. The biophysi­
cal rationale of fusion may thus well be the creation of a stable zone, which is readily 
observed in Asclepiad flowers.
In an idealized model [using a meshfree modeller based on R-functions; Shapiro, 2007), a 
sympetalous plate fixed centrally on a stem, will respond to vibration in different modes. 
The fi rst mode of vibration is shown in figure 6.12, right. In comparison, in choripetalous 
flowers, the vibration modes are set up in each leaf separately. The sympetalous state 
indeed provides new biophysical properties, namely a stable central zone. In particular, 
the more the petals are fused, the greater the stability of the central zone when a shape 
is subjected to vibration.
These stable zones then ensure the necessary stability for the development of compli­
cated pollination apparatus inside Stapeliad flowers which consist of very elaborate 
structures to attract and catch insects [figure 6.12), or the shape of nectar discs in 
Hekistocarpa [figure 6.13). One might infer from the images how responses to forced 
vibrations [which can be of any kind) are involved in development of flowers. In this 
respect it is also remarked that fusion has an influence on the characteristic frequencies 
of vibration [results not shown).
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Figure 6.12: Flowers of Orbea variegata, closed, open, and view from below. Compare the 
bending of the leaves in the open flower with the way the shape on the right bends (a  = 0,5).
Figure 6.13: Nectar disc of Hekistocarpa (Rubiaceae). Compare the way of folding in the 
disc with a shape with a  < 0.1. The zone in the centre is again a stable zone.
The advent of key innovations in evolution appears to be in two steps: fi rst, the occur­
rence of a new feature, and second, the stabilization of the new feature in the genetic 
apparatus [Endress, 2001). Such innovations start with initial trials and become stabilised 
through selection later on. It is clear that simple biophysical models play a key role in 
all these processes.
A deeper significance of the flower model
In the flower model multiplication and/or [weighted) addition have been used, to arrive 
at suitable combinations of CF and DF for the description of various flower shapes. The 
choice for addition and multiplication, while motivated initially by Dr. Niklas' question, 
reveals a straightforward connection with the deepest and oldest notions in mathemat­
ics. Indeed the use of addition is related to the [weighted) arithmetic mean and the use 
of multiplication is the geometric mean between two numbers [the value of the two func­
tions CF and DF in a particular direction), wherein CF provides the anisotropic measure. 
In table 6.3 these simple relations are shown for numbers [a and b), for our flower model 
[DF and CF) and for surfaces [ k1 and k2 ; the principal curvatures at a particular point 
on the surface).
The comparison with the geometry of surfaces has a double goal. On the one hand, 
while our geometrical understanding of flowers is only at the beginning, we can turn to
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the differential geometry of surfaces [both local and global) for analogies. On the other 
hand, relationships between principal curvatures refect the most important notions in 
the differential geometry of surfaces, and they are nothing but arithmetic and geometric 
means. This fact was widely known and understood in the 19th century, but has all but 
vanished from the current teaching and understanding of differential geometry. It could 
thus be useful, especially for biologists, to reiterate these connections to means.
In every point on a two-dimensional surface there are two directions of principal cur­
vatures. These directions of maximum and minimum curvature, denoted K  and k2, are 
perpendicular by a theorem of Euler. The Gaussian curvature K is the product of k , and 
k2. While technically it is the determinant of the shape operator, K  is precisely the square 
of the geometric mean of k , and k2. On the other hand the arithmetic mean is [k, + k2)/2 
which is the mean curvature of Sophie Germain, denoted by H [technically this is the 
trace of the shape operator). It is a special case of the weighted arithmetic mean, namely 
for a  =1/2. The weighted arithmetic mean itself appears in surfaces in Euler's theorem, 
describing the curvature in directions different from the principal directions. Indeed, as 
a  + [1- a) = 1 also cos2 9 + sin29  = cos2 9  + [1- cos29 ) = 1.
Table 6.3: Comparison of means, areas and inequalities in number theory, the flower model and 
geometry of surfaces
Geometric 
mean GM
Arithmetic 
mean AM
Weighted arithmetic 
mean W AM
Relations
Numbers 
a and b
Va.b (a+b)/2 = w 1.a + w2.b GM < AM
Flowers, 
DFand CF
V (DF.CF) (DF+CF)/2 a  CF + [1- a)DF 
w 1+w2= a  +[1- a )=1
DF.CF < 
((DF+CF)/2)2
Surfaces, 
k 1 and k,
V(k1 k,) = VK (k 1+ k2)/2 = H K1cos2 9 + K  sin2 9  
[Euler's theorem) 
w 1+w2 = cos29 +sin29  = 1
K < H2 
(Euler’s 
inequality)
One of the characteristics of higher mathematics is the important role played by inequalities 
(Courant and Robbins, 1941). These relations between means are of pivotal importance and 
already 300 years ago Euler derived for surfaces the fundamental inequality K < H2 which 
corresponds to GM < AM, the cornerstone of number theory. In their simplest form, geo­
metrically natural curvature conditions are related to the constancy of extrinsic curva­
tures like the mean curvature H (expressing uniform surface tension) or the (intrinsic) 
Gauss curvature K.
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Stabilising curvatures on supershapes
Curvatures and second derivatives play an immensely important role in physics and 
science in general (Schrödinger, 1940; Chern, 2000; Osserman, 1990; Osserman, 1996). 
They are related directly to biological phenomena like cell division or buckling (Green, 
1994, 1996, 1999; Dumais, 2006). As surfaces residing in a 3D world all flowers and plants 
have to conform to the same geometrical and mathematical principles of surface theory, 
including inequalities between means of principal curvatures and vibrations. The flower 
model presented above however, also allows for a direct calculation of curvatures on the 
2D curves itself. Defined on supershapes, examples of curvatures are shown in figure 
6.14.
Figure 6.14: Supershapes (black) and the curvatures (in blue), for m = 4.
Right: Philadelphus sericanthus
Instead of avoiding curvatures and tending towards circular and spherical shapes 
(curves and surfaces of constant curvature), in nature a "stabilization" of curvature 
seems to be the rule in many ways, integrating curvature in the most direct way. In figure 
6.14 flowerlike shapes appear even with the slightest deviations from a unit circle. The 
constraining of a flower bud favors shape solutions corresponding to petals and sepals, 
in which petals and sepals or the development of leaf-like structures is actually a solution 
for minimizing stresses and strains, caused by the close packing of the flower bud.
Similar flower-like shapes are also found in Echinoderms. In figure 6.15 on the right a 
pentagonal supershape is shown with in blue its curvature; in the center the flower-like 
openings in the shell of a sand dollar are seen. These provide opportunities for food 
collections since the tube feet extrude from these flower-like openings. The curvature 
simply comes naturally with the slightest deviation from a circle into a supershape. In a 
sand dollar, curvatures are used inside the shape itself, as a solution to "functionalize" 
curvatures.
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Figure 6.15: Left: Mareatia planulata (sand dollar). Center: Sand Dollar. 
Right: Pentagonal supershape in black, its curvature in blue 
(m = 5; n, = 5; n23 = 3.2; A = B = 1.7).
In the light of the importance of curvatures as a key to growth and development, it is 
indeed tempting to see to link between shape of the constraining functions with the 
curvatures of shapes, for example in sand dollars. In a sand dollar, curvatures are used 
inside the shape itself, as a solution to minimize curvatures. The interplay between the 
shape and its curvature is fascinating and requires further research. The curvature/ 
developable function comes naturally with the slightest deviation from a circle into a 
supershape (alternatively speaking with the introduction of the slighest anisotropy).
In surfaces stress can be regarded as a force applied to deform the body or, alternatively, 
as the equal and opposite forces with which the body resists. A body may comply with 
stress either by incorporating stresses directly into the structure, without deformation, 
for example by using the appropriate tissue type, or the build up of stress and tension in 
tissues and cells can be counteracted or neutralized by plastic deformation. Green (1996) 
has used the concept of buckling in which tension is counteracted by deformation of 
tissues into leaf primordia and organ primordia in growing shoots and meristems.
Stresses and strains can also be minimized using in plane solutions, in which no buckling 
occurs, but certain rearrangements in the plane (or almost planar) are the results. This 
involves conservation principles as outlined in chapter two, where area and moment of 
inertia where shown to be conserved when symmetry parameter m is changed (figure 
2.10). In the conservation principles in supershapes, the change of a square pattern into 
either triangular shape with convex sides or pentagonal shapes with concave sides, 
provides the mathematical answer to a minimization problem.
In physics such phenomena are observed in crystals and layers of soap bubbles are 
referred to as disclinations (Kittel, 1962; Harris, 1978). Wedge disclinations alter the ro­
tational symmetry of a lattice of floating bubbles. In a close-packing of spherical bubbles 
the array has six-fold symmetry but this can change to a sevenfold or fivefold symmetry 
by inserting or removing a triangular slice of soap bubbles. The stresses introduced by
#
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the deformation (insertion or deletion) are distributed throughout the structure (Harris, 
1978). In wedge disclinations in square like arrangements, inserting or removing a seg­
ment results in the deformation of squares into either pentagons or triangles. In this 
way a solution is provided for minimizing stresses in the plane without buckling (Harris, 
1978).
Two further biophysical examples of how the same conservation mechanism plays a 
role may be found in the way collagen is arranged in the epidermis of certain marine 
worms (figure 6.16 left) and in frogs (figure 6.16 right). The subepidermal fibres constitute 
a network with pentagonal and triangular 'singularities'. The more detailed view below 
shows two triangular and one pentagonal singularities.
Figure 6.16: Left: A network of collagen fibers in the epidermis of a marine worm Paralvinella 
pompejana. Both a triangular and pentagonal arrangement are shown. Right: Views of the 
Bombinator in frogs (Bouligand and Lepescheux, 1998).
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Conclusions
A model for flower shapes
Fusion of petals is observed in all Asclepiads (not only stapeliads) and many more ex­
amples in plants are found. Using multiplication and weighted addition provides a simple 
model for choripetalous and sympetalous flowers in three rules or a combination thereof. 
The advantages of the sympetalous state as opposed to choripetalous flowers, are not 
only area use efficiency and the development of a 3-D shape, but also provides a stable 
zone for the development of evolutionary advanced flowers, with very complex pollina­
tion apparatus.
Using the combination of three strategies yields a Tunberghia alata flower, with clear 
pentagonal constraining, fusion of petals and a keel in the centre of the flower. 3-D fold­
ing can be very drastic as in Tunberghia, or very gradual, as in Stapeliad flowers. Other 
examples of gradual transition in one family are Petunia flowers as opposed to tomato 
flowers. Both exhibit a high degree of fusion, but only in Petunia a very distinct floral tube 
is formed. From the above strategies, it may be conjectured that fusion and constraining 
both are necessary conditions for such keels to form.
Direct calculations can show us efficiencies related to perimeter length and area use 
efficiency, which can be extended using methods from variational calculus introducing 
constraints. For cacti some invariants of supershapes include the invariance of area for 
changing symmetry m in equations 3 & 4. Studying vibrations in plates unveils a possible 
biophysical rationale for fusion in flowers creating a stable centre, and shows how vibra­
tions conform to the way fl owers and nectar discs fold. In the fl ower model presented 
inequalities can be derived and studied based on equations 3 and 4 only. Surface theory 
can serve here as a model.
Studying curvatures on 2D-supershapes suggest exciting new possibilities for under­
standing how organisms in nature can functionalize internal stresses on purely mor­
phological grounds. Curvatures are key to go from the descriptive to addressing the 
question why supershapes are found so frequently and used so abundantly in nature, at 
all levels. These curves and surfaces not only successfully describe shapes in nature 
(in the worlds of biology, physics, chemistry, art, technology etc.) but they also satisfy 
natural conditions on their curvatures.
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Deeply-connected to geometric algebra
As geometry is at the core of mathematics, mathematical models of natural shapes 
and phenomena, must somehow be deeply-connected to the geometric algebra of the 
ancient Greek. To quote the Romanian geometer Radu Miron (1996): “ I f  mathematics 
would be torn from its foundations, it  would become a series o f formulae, recipees and 
tautologies, that could not be applied any longer to the objective reality, but only to some 
rigid, mortified schemes o f this reality."
The most natural of mathematical operations, namely addition and multiplication, allow 
for the efficient and simple geometrical description of fusion in flowers, plant organs and 
stems. As shown it is possible to understand optimization from first principles, and simple 
calculations. In this chapter, flowers and fusion in flowers, as well as fusion in plants 
more generally, have been modeled in a simple way, using the simplest of mathematical 
operations, namely addition and multiplication.
Concerning the goals set out in the Introduction, it was also shown that the model is 
"deeply-connected", not only by its direct relation to the most fundamental notions in 
mathematics, namely the relation between means, but also to specif c, fundamental 
curves.
These fundamental curves include not only the conic sections, but also the logarithmic 
spiral and the catenary as will be shown in the final chapter. With respect to optimization 
it needs to be pointed out that the notion of conic sections originates "in the method of 
the application of areas" (napa fioX r] t o v x o p io v ),their exceeding (vnepfioXr]) and 
their falling-short (eXXinaig). This method is fundamental in Greek geometry giving the 
geometrical solution of the equivalent of algebraic equations of a degree not higher than 
the second" (Heath, 1931). This method was used by the Pythagoreans. Together with 
the theory of proportions this gives the two main methods of ancient Greek mathematics.
Meneachmus, a pupil of Eudoxus (who developed the theory of proportions), was the first 
to use conic sections as geometric curves and their properties (Heath, 1931) in his solu­
tions of the problem of two mean proportionals. The old relation to exceeding and falling 
short can still be found in the eccentricity e of the conic sections in polar equation (equa­
tion 16) with a parabola for e = 1, an ellipse for 0 < e< 1 (falling-short, with circle for e= 0), 
and a hyperbola (exceeding) for e> 1.
I
P = ------------------
(1 + C C O S 0 )
Equation 16
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O heure in fortunée  en laquelle  fu t  p re m ie re m e n t  produicte  
ceste defin ition du principe du nom bre! O cause de diff iculté  &  
d'obscurité  de ce qui en la N atu re  est facile &  clair!
Sim on Stevin
#
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Abstract
As a consequence of the direct relationship to means, which were known in ancient 
Greek mathematics and which do have a geometrical basis, one could use many results 
from number theory or from differential geometry of surfaces (both local and global, 
for example minimal surfaces) and transpose these onto the present model of flowers. 
Moreover, once the fundamental relationship between geometric and arithmetic means 
is understood - that it is in fact nothing but the fundamental idea in number theory 
- further examples can be found easily. In this chapter this allows for understanding 
the beautiful connection between spirals, catenaries, circles, ellipses, power laws and 
supershapes.
This close connection brings us back to the original approach, where the circle, its asso­
ciated trigonometric functions and the logarithmic spiral were the functions of choice to 
which the superformula was applied as a generic transformation, resulting in the notion 
of Universal Natural Shapes unifying a wide range of natural shapes (Gielis et al., 2005).
#
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Spirals, supershapes and power laws
In nature there are two opposite ways of dealing with tension and stress. The first 
is to "go with the flow" in which the direction of the stress is the same as the direction 
of the response. The circle is the associated geometrical shape. The second way is for 
the response to be perpendicular to the direction of the stress. The logarithmic spiral is 
the associated geometrical shape.
The equation A.e9+ B.e-9 represents the equiangular or logarithmic spiral in polar coor­
dinates (the second term with extends towards 0 already for small values of the angle 
9 ). This spiral was found by René Descartes in 1638 following the introduction of polar 
coordinates by Gregory Saint-Vincent (in 1627) and Cavalieri (in 1635), and has since then 
been found in nature at all levels and scales.
It is however, very closely related to another curve, which was discovered five decades 
later, namely the curve describing the shape of a hanging chain. The solution was the 
hyperbolic cosine cosh and this was found by Leibniz, Huygens and Johann Bernoulli in 
1691 in response to a challenge by Jakob Bernoulli. The cosh is precisely the arithmetic 
mean AM between the two functions e9 + e-9for A = B = 1/2. If the geometric mean GM 
between two functions e9and e-9is considered, the result is a constant function, which 
corresponds to the unit circle (in polar coordinates) and a straight line in the XY plane. 
This is summarized in the table 7.1.
Table 7.1: The relation between basic curves
Functions e9 and e-9 Polar plane XY-plane
Addition & Arithmetic mean Logarithmic spiral Catenary
Multiplication & Geometric mean Circle Straight line
Here we find a really beautiful geometrical example of equality in the inequality GM < AM, 
since in every point of the hanging chain GM=1 everywhere and AM >1, almost every­
where. Equality is only achieved in the lowest point of the hanging chain!
Known as allometry in biology, natural processes described by essentially the same 
power laws are found everywhere. In biology power laws are found in almost everything, 
from metabolic processes and the number of proteins in cells, to whole ecosystems. The 
West-Brown-Enquist model has generated an enormous interest in the past decade 
(West et al., 1997; 1999; Enquist et al., 2007).
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Also in many other fi elds power laws play an immensely important role in scale invariant 
processes. The science of complexity, involving scale free networks, has involved the 
study of an enormous variety of phenomena, in economy, industry, social relationships 
and networks (Watts and Strogatz 1998; Barabasi 2003, 2007; Newman et al., 2006).
The connection with allometry and power laws is by no means accidental. On the con­
trary, in the next sections it will be shown that allometric equations and supershapes 
are really very intimately related through the very oldest notions in mathematics dating 
two and a half millenia ago.
In order to fully appreciate this connection, it needs to be understood that Lamé curves 
and supershapes are a way of describing shapes using only pure numbers a and b, raised 
to some power, but not using geometric means between these two numbers.
Pure numbers and (the logic of) real ones
Comparing curves with straight lines and circles is the basis of our current scientific 
knowledge8. The first derivative gives the direction of the tangent line, while the second 
derivative measures the deviation from that straight line. The development of calculus 
and probability theory is related to higher order geometric means (see figure 7.1 for a 
beautiful geometric treatment).
Higher order geometric means between two pure numbers a and b involves expressions 
of the type (m+n)th root of am.bn. The various components in a typical row of Pascal’s 
Triangle are actually directly related to the various 'higher order geometric means’ or of 
'partial derivatives’ between two pure number a and b. Indeed, expressions like anbm are 
related directly to geometric means of order n+m between the two number a and b. It is 
namely the (n+m)-th power of the geometric mean of (n+m)-th order.
From the same construction, which is nothing but the application of rules of arithmetic, 
probability theory was born through the binomial coeffients. It is remarked that the pure 
numbers, on the left and right of the n-th row of Pascal’s Triangle only make up 2 out of 
2n possibilities.
It is noted that this is similar for higher dimensional manifolds as sectional curvatures of higher dimensional 
Riemannian manifolds can be characterized by the curvature of at most two Euclidean planar curves 
(Haesen, Sebekovic, Verstraelen, 2003).
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Figure 7.1: Geometrical meaning of higher order arithmetic and 
geometric means (Verhulst, 1981, 2006)
#
The combination of numbers and their geometric means has led to polynomial, algebraic 
and other equations, at the basis of contemporary mathematics. Many consider the crea­
tion of the formal language of mathematics as identical with the foundation of algebra 
(Klein, 1966). These developments raised very high hopes once upon a time. Indeed, 
Viéte’s work ended with the expression "TO LEAVE NO PROBLEM UNSOLVED". It is true 
that, generally speaking, the widespread use of "geometric means" since the 17th century 
has led to many successes in science.
Yet, in my opinion, in the long run little is gained with computational results only, if not 
the understanding through geometry is attained. While René Thom wrote: "To predict 
is not the same as to understand", M. Atiyah (2000) was (deliberately) more provoca­
tive: "Algebra is to the geometer as a Faustian offer... The danger in our soul is there, 
because when you pass over into algebraic calculations essentially you stop thinking; 
you stop thinking geometrically, you stop thinking about the meaning."
In contrast to the use of (higher order) geometric means, there is a long and strong 
tradition of trying to use pure numbers, and only first order geometric means. This line 
was developed strongly by the Pythagoreans. Arithmetic, geometric, harmonic and other 
means are in fact geometry as they are in fact nothing but the oldest optimization prob­
lems (GM is the side of a square with the same area as a given rectangle with sides a and 
b; AM is the side of a square with the same circumference as the given rectangle). The 
harmonic mean reaches a minimum in circle and square among all closed shapes.
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This line of pure "numbers" continued with Diophantine equations, Fermat’s Last Theorem 
the quasi-circular curves of Barrow around 1685, the superellipses of Gabriel Lamé of 
1818, the differential geometry of surfaces (with Gaussian curvature ^ a s  the square 
of GM and with the mean curvature H as AM of two principal curvatures), the modulo 
arithmetic of Carl-Friedrich Gauss, the metrics of Minkowski and the use of Casorati 
curvatures in submanifold theory (Koenderink, 1990; Haesen et al., 2009) and vision 
(Verstraelen, 2007). Supershapes continue this line, making use only of pure numbers 
(or in this case the pure coordinate functions), not (higher order) geometric means.
Superellipses and supershapes (Lamé-Gielis curves) are known in general only as planar 
curves but their geometrical meaning is a 'conservation la w ' for n-volumes. A super­
ellipse for n = 3 (equation 1 with A=B and n=3) expresses that the sum of the volume of a 
cube with side x and the volume of a cube with side y is a cube of volume 1 , and this will 
hold for any values of x and y. So the 2D curve in fact expresses a general law of conser­
vation of n-volumes. Both for 2D and 3D Lamé-Gielis shapes, which are described com­
pletely in one simple equation, these conservation laws hold both locally and globally.
For Lamé curves and supershapes, making use of the intrinsic coordinate functions pcos 
and psin one arrives at a General Pythagorean Theorem (equation 8 ). Such n-volumes 
may be understood also as n degrees of freedom, which is clearly more than the two 
degrees of freedom (the area) in the classical Pythagorean Theorem for n=2 (where the 
unit circle is the Euclidean circle and pcos and psin are cosine and sine respectively).
These pure "numbers" are the outer parts of the n-th row of Pascal’s Triangle. Such rows 
are in fact composed of pure n-cubes an and bn (fi gure 7.2 in black) on the one hand, and 
a "modulo" part, consisting of n-beams on the other (figure 7.2 in blue). This can also be 
represented as in equation 17.
( a + b)" = [an + èn] + modular part 
Equation 17
It is by the way, very easy to turn these beams into cubes. For each hyperbeam anbm one 
can construct a cube with the same volume by taking the (n+m)-th geometric mean of 
anbm again as in figure 7.1 (and the associated algorithms described in Verhulst, 1981; 
2006).
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1
1 a 1b 
1a2 2a b 1b2 
1a3 3a2b 3ab2 1b3 
1a4 4a3b 6a2b2 4ab3 1b4 
1a5 5a4b 10a3b2 10a2b3 4ab4 1b5
Figure 7.2: First six rows of Pascal's Triangle
A first remark: In Viète’s "Logistices speciosae canonica praecepta"(canonical rules 
of species calculation) the main law (Lexhomogeneorum) states that only species of 
the same kind can be added or subtracted. This law was restated and re-invigorated 
on many occasions, as e.g. in Grassman’s Ausdehnungslehre, which was presented so 
beautifully by G. Peano. In a typical row of Pascal’s Triangle, all n-cubes and n-beams 
are of the same dimension, but in general polynomial equations this is not the case and 
here the Lex homogeneorum rules, according to common sense.
Contrary to Viète’s Lex homogeneorum however, it is very easy to get the "same dimen­
sion" for any term of a polynomial: use the unit element. An equation like x+  x3+ x can be 
written as x.x.x.x + x.x.x.1 + x.1 .1 .1 , all of the same dimension and actually, all geometric 
means of different orders between x and the unit element 1. This can obviously also be 
done for general Lamé curves of the type xn+ym =1.
A second remark: An object like b4 (arithmetically the product b.b.b.b) can be understood 
geometrically in many different ways. It is first of all a fourdimensional cube or tesseract. 
For n-dimensional cubes one can calculate all the points, lines, squares, cubes, tesser- 
acts and so on by the expansion (2x+1)n (Gardner, 1975).
The object b4 is not only a four-dimensional volume of a hypercube with side b, it is also 
b times a three dimensional volume b3 (side of this cube is b). At the same time it can be 
seen as b.b times a three-dimensional volume of b2, which is in fact a beam of volume 
1.b2. This beam can then be made into a cube with the same volume, but with side (1.b2)1/3, 
the one-third geometric mean between b and 1. And so on.
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Figure 7.3: Simon Stevin's Geometric numbers; Upper row: Cubes of side 2 and volume 23;
E is 25 equals 2.2 times a cube of volume 23; Lower row: unit cubes.
For the first possibility, a four dimensional volume, it is nice to remember Pascal’s 
thoughts about the fourth dimension: "Et l'on ne doit pas être blessé par cet quatrième 
dimension."  Intelligent people should not be hurt by something like the fourth dimension, 
because in reality it is about multiplication (Bosmans, 1923). The second possibility was 
the way in which Simon Stevin and his contemporaries reasoned and thought about 
"geometric numbers "(Stevin, Principal Works, 1965; see figure 7.3).
There is, especially in relation with the 'modulo’ part, an important remark with respect 
to the numbers. Whereas in Gauss’ modulo arithmetic integers and prime numbers are 
used, Lamé’s superellipses and Gielis’ curves and surfaces can use any real number. 
We are no longer restricted to integers or to exponents 1 and 2, but can use any real 
number.
This in fact goes back to the complete arithmetical treatment with natural numbers by 
Simon Stevin in the decimal system in 1585. Stevin was one of the most important scien­
tists ever and his work was both of pure and applied nature providing a bridge between 
the old and the new sciences (Struik, 1969). His equilibrium of forces and the parallelo­
gram rule was the beginning of abstract algebra and of higher dimensional geometry. 
Simon Stevin showed in his book De Thiendethat a complete arithmetical control of the 
real number system is achieved by explicitly demonstrating how all operations on and 
with real numbers can be carried out when expressing these numbers in the decimal 
system.
Stevin added in an appendix to The Thiende that the decimal principle should be advo­
cated in "all human accounts and measurements", thereby "anticipating the (partial) 
realization of this simple idea by two centuries" (Dijksterhuis, 1965). Perhaps only now
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can this can be realized fully. It is indeed a great beauty that the use of 'pure’ and 'real’ 
numbers, culminates in a uniform description of natural shapes through Lamé curves 
and Gielis curves and surfaces.
Allometry and supershapes: 
means to an end
Allometric equations and power laws, expressing the constancy of relative growth 
and generally depicted as straight lines in log-log plots, can be understood in the same 
geometric way, namely that these equations express some conservation law for n-vol- 
umes. Indeed, y=x2/3 is exactly the same as saying: y scales to the third power while x 
scales to the second power. Such expressions thus express "conservation laws" for n 
and m volumes. y=x3/4 states that the volume of a cube with side x (x3) is conserved in the 
same way as the 4-volume of a cube with side y.
However, as shown above, the introduction of the unit element allows for comparing vol­
umes of n-volume only (converting m volumes into n-volumes of the 'same’ dimension). 
In a parabola (some variable) y scales to the first power while (some other variable) x 
scales to the second, but geometrically a parabola (y = x2) indicates that for each coordi­
nate x, one can construct a square with area equal to x2, such that this area corresponds 
exactly to the area of a rectangle with length y and width 1 ; same dimension.
Figure 7.4: Left: in a log-log plot the distance between two Fibonacci numbers is constant, 
Right: superparabola's as the conic-section analogue of power laws
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The power law y=x3/4 or equivalently y4=x3 thus states that the 4-volume of cube with side 
y (expressed for example in m4 or m3.T with T for temperature...) is exactly the same as 
the 4-volume of a beam with four sides x, x, x and 1 (with volume x.x.x.1).
All allometric equations (or power laws) are nothing but "superparabola’s" as depicted 
in figure 7.4., expressing a conservation rule.
The relationship between allometric equations and supershapes is then both straightfor­
ward and simple. Both conserve n-volumes, and the difference between allometric equa­
tions/power laws on the one hand and supershapes (taking superellipses as examples) 
on the other, is clearly only the difference between the product of two variables raised 
to some power and the sum of these two variables, raised to some power, respectively 
(table 7.2); the left and right of Pascal’s Triangle. These quasicircular curves and parabo- 
liforms already appeared in Barrow’s Geometrical Lectures. Barrow, like Fermat, was a 
master in geometrical and arithmetic means.
Table 7.2: Conic sections at the core, once more
#
Variables x, 
y, power n
Means Planar curve n-dimensions applications
Sum AM supercircles Conservation of Natural shapes,
xn+yn superellipses volumes Minkowski distances
Product
y= xn/m
GM superparabola Conservation of 
volumes
Power laws, 
Power functions 
invariances
Curves, curvatures and Euclidean geometry
Our understanding of the world in which we live is based on our own perception of 
that world, which involves, for humankind, isotropy with the Euclidean circle as associ­
ated shape. If we want to use this knowledge and apply it to natural shapes, we have to 
use higher order geometric means. Now however, with supershapes and superellipses, 
we are able to describe basic shapes in nature using only pure numbers and we can 
begin to understand how other natural beings or objects "geometrize their world", with 
their own shapes as unit circles, using only relations between pure numbers. The con­
nection is that only pure numbers are used.
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#With our Euclidean point of view, traditionally, curves and curvatures have been de­
scribed using circles, or ellipses (Haesen et al., 2003), forming the basis for all scalar 
valued curvatures in Riemannian geometry. Its historical development traces back to 
Kepler-Huygens-Newton. Using tangents, tangent spaces, and curvatures, based on 
superellipses and supershapes as length indicatrices (2D-supershapes are equation, 
2D-curves and "geometric numbers" at the same time), could unveil the geometrical 
meaning of all curvatures in Minkowski and Riemann-Finsler geometry, and the various 
natural processes that are modeled in this way.
It turns out that curvature can be simply based on the shape description itself, exactly 
in the same way as curvatures were defi ned in circles. This will open a whole range of 
possibilities of studying shapes and their development with specific evolution equations. 
From a geometrical perspective we then have the interesting observation that Lamé and 
Gielis’ curves and (hyper-) surfaces turn out to be the "most natural curves and surfaces" 
(Verstraelen, 2008). For this class we find that the underlying geometrical rationale is the 
conservation of n-volumes (both locally and globally), which is again, purely Euclidean.
#
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Summary
To study forms in plants and other living organisms I present a unifying geometrical 
approach for describing various abstract, natural and man-made shapes. Starting from 
Gabriel Lame’s superellipses and supercircles, a large variety of shapes can be de­
scribed by a single geometrical equation (see chapter 2). Modification of the param­
eters permits the generation of various superpolygons. Combining these equations with 
logarithmic, trigonometric or other functions generates supershapes and modifi es the 
distance measures of these functions and all associated graphs, also in higher dimen­
sions. These shapes are known as Gielis curves and surfaces. They have already been 
used in a range of applications in science and technology.
The title Universal Natural Shapes relates to the fact that these shapes occur at all levels 
in nature. This provides a descriptive basis for a larger geometrical theory of shape and 
morphogenesis of what dwells in the world and the world wherein we dwell. Shapes 
of plant stems, flowers and flower buds, leaves and cells, algae, diatoms and bacteria, 
starfish, sea urchins, sand dollars, mollusks, crystals, shapes in fluid mechanics, soap 
bubbles and celestial bodies can be described in this way (chapter 4) As one equa­
tion allows for a continuous transformation between all such shapes, one could expect 
a variety of shapes intermediate between Euclidean spheres as ideal shapes and the 
"typical" shapes observed (by humans) in nature. Culcita novaeguineae is a starfish 
intermediate between the archetypical shape of starfish and spherical soap bubbles, 
and one of Darwin’s endless forms most beautiful.
All these natural shapes reside in the world in which we dwell, namely our space-time, 
of which physically relevant models are described by analogous transformations. The 
study of natural shapes has so far largely been based on our Euclidean point of view 
where, traditionally, curves and curvatures have been described using circles, or el­
lipses. Historically, this development traces back to Oresme-Kepler-Huygens-Newton. 
Using tangents, tangent spaces, and curvatures, based on superellipses and super­
shapes as length indicatrices could unveil the geometrical meaning of all curvatures in 
Minkowski and Riemann-Finsler geometry, and the various natural processes that are 
modeled in this way.
Constant anisotropic mean curvature surfaces CAMC are a generalization of CMC sur­
faces related to soap bubbles and various other natural shapes, and to conic sections. 
When anisotropic energies with Wulff shapes are considered anisotropic catenoids, 
unduloids and nodoids result, as shown by Miyuki Koiso and Bennett Palmer (chapter 5). 
When these are based on Gielis surfaces natural analogues of the CAMC surfaces can 
be observed in snowflakes and more generally as equilibrium shapes for non-equilibrium
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thermodynamics. Interestingly, this anisotropic energy relates to the weighted arithmetic 
mean of two principal curvatures (an equation introduced by D’Arcy Thompson), where 
the weight factors are the (orthogonal) tensions on the surface.
Gielis transformations act on functions as constraining geometry. The weighted arithme­
tic mean of a function and its constraining geometry results for example in the descrip­
tion of fusion in plants and especially in flowers. Knowledge about fusion in flowers is 
lacking despite the fact that fusion perhaps has been one of the driving forces in the 
rapid evolution of flowering plants (and co-evolution with pollinators). Fusion is a pre­
requisite for the development of floral tubes, and could be the result of simple physical 
principles of vibrations of fused structures. A novel model allows for the description of 
fusion of flowers in the Asclepiads and others groups of plants (chapter 6). In one of 
the follow-up steps, we will have to analyze genetic programs that appear to encode 
'an understanding’ of the formula in order to apply it, for example to the study of building 
programs.
As a consequence of the direct relationship to means, one can use results from arithme­
tic or differential geometry of surfaces and transpose these onto the present, abstract 
model of flower shapes. Moreover, the relationship between geometric and arithmetic 
means shows the beautiful connection between spirals, catenaries, circles, ellipses, 
conic sections, power laws and Gielis curves and surfaces.
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Samenvatting
Voor de studie van vormen in planten en andere levende organismen stel ik een unifi­
cerende meetkundige strategie voor, die een brede waaier aan abstracte, natuurlijke 
en door de mens gemaakte vormen kan beschrijven. Vertrekkende vanuit de supercir- 
cirkels en superellipsen van Gabriel Lamé, kan een grote variatie aan vormen worden 
beschreven met een enkele meetkundige vergelijking (zie hoofdstuk 2). Wijziging van 
de parameters maakt een beschrijving van verschillende superveelhoeken mogelijk. 
Door combinatie van deze vergelijking met logaritmische -, goniometrische - of andere 
functies ontstaan supervormen en worden de maten van deze functies en alle daar­
mee geassocieerde grafische uitdrukkingen gewijzigd, ook in hogere dimensies. Deze 
vormen staan bekend als Gielis krommen en oppervlakken en hebben reeds diverse 
toepassingen in zowel wetenschap als technologie gevonden.
De titel Universele Natuurlijke vormen verwijst naar het feit dat deze vormen in de na­
tuur op alle niveau’s voorkomen. Dit levert een beschrijvende basis op voor een brede 
meetkundige theorie van vorm en ontwikkeling van ‘ wat in de wereld verblijft en de 
wereld waarin w ij ronddwalen. De vormen van plantenstengels, bloemen en bloemknop­
pen, bladeren en cellen, van wieren, kiezelwieren en micro-organismen, van zeester­
ren, stekelhuidigen en weekdieren, vormen die we observeren in kristallen, zeepbellen, 
vloeistofmechanica en hemellichamen, kunnen allemaal op deze wijze worden beschre­
ven. Omdat een enkele vergelijking een continue transformatie tussen vormen mogelijk 
maakt, kan worden verwacht dat er in de natuur ook tussenvormen voorkomen tussen 
Euclidische sferen als ideale vormen en van "typische vormen" zoals wij mensen die 
waarnemen in de natuur. Culcita novaeguineae is een zeester met een dergelijke tus­
senvorm, intermediair tussen de archetypische zeestervorm en bolvormige zeepbellen, 
en geldt als één van Darwin’s "ontelbare, allermooiste vormen". Al deze natuurlijke vor­
men komen voor in de wereld waarin we ronddwalen, namelijk onze ruimtetijd, waarvan 
fysisch relevante modellen worden beschreven door analoge transformaties.
De studie van natuurlijke vormen gebeurt vooral vanuit Euclidisch oogpunt waar krom­
men en krommingen traditioneel worden beschreven door cirkels of ellipsen. Dit gaat 
terug op de lijn Oresme-Kepler-Huygens-Newton. Door in de studie van raaklijnen, 
rakende ruimten en krommingen gebruik te maken van superellipsen en supervormen 
als lengtematen, kan dit leiden tot de ontrafeling van de meetkundige betekenis van 
krommingen in Minkowski en Riemann-Finsler meetkunde en van de diverse natuurlijke 
processen die hierdoor worden beschreven.
Voorbeelden hiervan zijn oppervlakken van constante gemiddelde anisotrope kromming 
(CAMC), een veralgemening van oppervlakken van constante gemiddelde kromming 
(CMC), gerelateerd aan zeepbellen en diverse andere natuurlijke vormen zoals de ke-
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gelsneden. Wanneer anisotrope energieën met Wulff vormen worden beschouwd, dan 
ontstaan hieruit anisotrope catenoiden, unduloiden en nodoiden, zoals aangetoond door 
Miyuki Koiso en Bennett Palmer. Met Gielis oppervlakken als natuurlijk analoog voor de 
Wulff vormen, ontstaan CAMC oppervlakken die we kunnen waarnemen in sneeuwvlok­
ken en die als voorbeeld kunnen dienen van evenwichtsvormen voor niet-evenwichts- 
thermodynamica. Deze anisotrope energie is verwant met het gewogen rekenkundige 
gemiddelde van de twee hoofdkrommingen (een vergelijking die door D’Arcy Thompson 
werd geïntroduceerd), waarbij de wegingsfactoren de (loodrechte) spanningen zijn op 
het oppervlak.
Gielis transformaties die inwerken op functies kunnen worden beschouwd als een ‘be­
perkend meetkundig kader’. Het gewogen gemiddelde van die functie en deze meetkunde 
die een beperking van de ontwikkeling oplegt resulteert bijvoorbeeld in de beschrijving 
van fusie in planten, met name in bloemen. Onze kennis over bloemfusie is uitermate 
beperkt, niettegenstaande het feit dat fusie in planten één van de drijvende krachten is 
achter de zeer snelle evolutie van bloemplanten (en de co-evolutie met bestuivers). Fusie 
of het aaneengroeien van bloembladeren of meer specifiek kroonbladeren, is een zeer 
belangrijke stap in de evolutie en ontwikkeling van bloembuizen, en dit kan het resultaat 
zijn van eenvoudige principes van trillingen van vergroeide structuren. Een nieuw model 
laat de beschrijving toe van bloemfusie in Asclepiadaceae en andere plantengroepen.
In één van de volgende stappen zullen we moeten nagaan welke genen in staat zullen 
blijken, de formule toe te passen, voor bijvoorbeeld de optimalisatie van het bouwplan 
van een plant.
Het gevolg van deze directe relatie tot gemiddelden is dat voor de studie van bloem­
vormen, resultaten uit andere domeinen, bijvoorbeeld uit de de meetkunde van opper­
vlakken, kunnen worden gebruikt. Bovendien verbinden meetkundige en rekenkundige 
gemiddelden op een mooie en coherente manier spiralen, kettinglijnen, cirkels, ellipsen, 
kegelsneden, machtswetten en supervormen.
117
01thesis_tom.indd 117 10:54
#Summary - samenvatting
#
118 I Universal Natural Shapes
01thesis_tom.indd 118 10:54
#References
ALBERTS F. & MEVE U. 2002. Illustrated Handbook of Succulent Plants: Asclepiadaceae. Springer. 
ALEXANDER J. 2004. The superformula. Herriot-Watt University, Edinburgh 
ARISTOFF J.M., LEBLANC J.D., HOSOI A.E., BUSH J.W.M. 2004. Viscous hydraulic jumps. Physics 
of fluids, Vol 16, N°9 S4, September 2004.
ATIYAH M. 2000. Mathematics in the 20th century. Fields Lecture at the World Mathematical Year 
2000 Symposium, Toronto June 7-9, 2000
BACHELIER G. 2007. Embedding of Pixel-Based Evolutionary Algorithms in my Global A rt Process. In: 
Evolutionary A rt and Music (eds.: Machado, Penousal), Springer Natural Computing Series.
BAO D. & ROBLES C. 2004. Riemann-Finsler geometry. MSRI publication Vol 50, Berkeley. 
BARABASI A.L. 2007. The architecture of complexity; from network structure to human dynamics. 
IEEE Control Systems Magazine August 2007: 33-42.
BARABASI A.L. 2003 Scale-free Network. Scientific American (May 2003): 50-59.
BARLOW P. W., LÜCK J. 2008. Rhythmic plant morphogenesis: Recurrent patterns of idioblast cell 
production. Russian Journal of Plant Physiology 55(2): 149-167.
BARR A. H. 1981. Superquadrics and angle preserving transformations. IEEE Computer Graphics 
Applications 1: 11-23.
BARROW I. 1916. The geometrical lectures of Isaac Barrow ; translated by J.M. Child. Phoenix 
Edition.
BARROW I. The Mathematical Works (Compiled by W. Whewell), Cambridge University Press 1860. 
Reprinted 1973, Georg Olms Verlag.
BECKER T.R. 2000. Taxonomy, evolutionary history and distribution of the middle to late Famennian 
Wocklumeriina (Ammonoidea, Clymeniida). Mitt. Mus. Nat.kd Berlin, Geowiss. Reihe 3: 27-75. 
BEIRINCKX B. & GIELIS J. 2004. De Superformule. Wiskunde en Onderwijs Proceedings of VVWL 
conference in Oostende, July 1-2, 2004.
BENTLEY W.A. & HUMPHREYS W.J. 1931. Snow Crystals. McGraw-Hill, New York; Dover, NY 
(1962).
BERA N., BHATTACHARJEE J.K., MITRA S. & KHASTGIR S.P. 2008. Energy levels of a particle 
confined in a supercircular box. The European Physical Journal D. 46: 41-50.
BERGER M. 2000. Encounter with a geometer. Notices of the American Mathematical Society, 
Volume 47, Part 1 in N°2; Part 2 in N°3.
BOKHABRINE Y., FOUGEROLLE Y., FOUFOU S., TRUCHETET F. 2007. Genetic algorithms for Gielis 
surfaces recovery from 3D data sets. Proc. of the IEEE Int. Conference on Image Processing ICIP, 
San Antonio TX, September 2007.
BONIECKI P., OLSZEWSKI T. 2008. Neuronal modeling of selected agricultural objects with usage 
of Johan Gielis's supershape. Journal of Research and Applications in Agricultural Engineering 
53(1): 22-25.
BOSMANS H. 1923. Sur l'interprétation géométrique donnée par Pascal à l'espace à quatre 
dimensions. Annales de la Société Scientifique de Bruxelles, 42, 1923, pp. 337-45.
BOULIGAND Y. & LEPESCHEUX L. 1998. La théorie des transformations. La Recherche 305, p 31. 
BRONSHTEIN I.N., SEMENDYAYEV K.A., MUSIOL G. & MUEHLIG H. 2004. Handbook of Mathematics. 
Springer Verlag, Berlin.
| 119
O1thesis_tom.indd 119 10:54
#References
CARATELLI D., NATALINI P. AND RICCI P. E 2009. Fourier solution of the 2D Dirichlet problem for the 
Helmholtz equation. PIERS Proceedings, August 18-21, 2009, Moscow, Russia: 128-132.
CARATELLI D., NATALINI P., RICCI P. E AND A. YAROVOY 2010. The Neumann problem for the 
Helmholtz equation in a starlike planar domain. Applied mathematics and Computation (accepted 
for publication)
CARTAN E. 1931. Géométrie Euclidienne et géométrie Riemannienne. Scientia 49, 393-402. English 
translation in: Beyond Geometry - Classic papers from Riemann to Einstein. Dover Publications 2007. 
CHACON R. 2006. Modelling natural shapes with a simple nonlinear algorithm. International Journal 
of Bifurcation and Chaos Vol 16, N°8, 2365-2368.
CHEN B.Y. 1984. Total Mean Curvature and Submanifolds of finite type. Series in Pure Mathematics 
Volume 1. World Scientific, Singapore.
CHEN B.Y. 1996. A report of submanifolds of finite type, Soochow J. Math., 22 (1996), 117-337.
CHEN B.Y. 2003. Riemannnian DNA, Inequalities and their applications. Tamkang Journal of Science 
and Engineering, Vol 3, N°3, 123-130.
CHERN S.S. 1996. Finsler geometry is just Riemannian geometry without the quadratic restriction. 
Notices of the American mathematical Society, September 1996,: 959-963.
CHERN S.S. 2000. Introduction. In: Dillen, F. and Verstraelen, L. (eds.), Handbook of differential 
geometry, North-Holland, Amsterdam, Vol. 1.
CHUANG L.L, VUONG Q.C., THORNTON I.M., Bülthoff H.H. 2005. Recognizing novel deformable 
objects. Visual Cognition 85-88 (05 2006).
COEN E., ROLLAND-LAGAN A.-G., MATTHEWS M., BANGHAM J.A. & PRUSINKIEWICZ P. 2004. The
genetics of geometry. PNAS vol. 101 no. 14: 4728-4735
COURANT R., ROBBINS H. 1941. What is mathematics? Oxford University Press.
COOLIDGE J.L. 1940. A history of geometrical methods. Dover Phoenix Editions.
COXETER H.S.M. 1969. Introduction to Geometry. (2nd Edition) John W iley & Sons, Inc.,
DARBOUX G. 1878. Mémoire sur la théorie des coordonnées curvilignes et des systèmes 
orthogonaux. Annales scientifiques de l'ENS. 2e série, tome 7 (1878), p.. 227-260.
DARBOUX G. 1914. Leçons sur la théorie générale des surfaces et les applications géométriques 
du calcul infinitésimal. Four volumes, Tome I, 2e édition, 1914, Tome II, 2e édition, 1915, Tome III, 
1894 & Tome IV, 1896
D'ARCY THOMPSON W. 1917. On Growth and Form. Cambridge University Press, Cambridge, U.K. 
DELAUNAY C. 1841. Sur la surface de revolution don't la courbure moyenne est constante. J. de 
mathématiques 6: 309-320.
DEUSSEN O. 2003. Computer-generierte Pfanzen. Technik und Design digitaler Pfanzenwelten. 
Springer Verlag, Berlin.
DE VRIES H. 1926. Historische studieën, Deel II, XII P. Noordhoff N.V. Groningen-Batavia. 
DIJKSTERHUIS 1965. In: The principal works of Simon Stevin, eds. E.J. Dijksterhuis et al., Zeitlinger, 
Amsterdam, 1955-1966.
DUMAIS J. 2007. Can mechanics control pattern formation in plants? Current Opinion in Plant 
Biology 10: 58-62.
EDWARDS E.J., NYFFELER R. & DONOGHUE M.J. 2005. Basal Cactus phylogeny: implication of 
the Pereskia (Cactaceae) paraphyly for the transition to the cactus life form. American Journal of 
Botany 92(7): 1177-1188.
ELLEGAARD ET AL., 1998. Creating Corners in kitchen sinks. Nature, Vol 392 767-768, short 
communication.
120 I Universal Natural Shapes
O1thesis_tom.indd 120 1O:54
#ENDRESS PK. 1994. Diversity and evolutionary biology of tropical flowers. Cambridge Tropical 
Biology Series. Cambridge University Press.
ENDRESS PK. 2001. Origins of flower morphology. Journal of Experimental Zoology (Mol Dev Evol) 
291:105-115.
ESAU K. 1953. Plant anatomy. John W iley and Sons, New York.
FINSLER P 1918. Uber Kurven und Flachen in allgemeinen Raumen, Dissertation, Gottingen, 1918, 
Verlag Birkhauser Basel, 1951.
FOUGEROLLE Y.D., GRIBOK A., FOUFOU S., TRUCHETET F. & ABIDI M.A. 2005. Boolean Operations 
with Implicit and Parametric Representation of Primitives Using R-Functions. IEEE Transactions on 
Visualization and Computer Graphics, September/October 2005 (Vol. 11, No. 5): 529-539 
FOUGEROLLE Y.D., GRIBOK A., FOUFOU S., et al. 2006. Radial supershapes for solid modeling Journal 
of Computer Science and Technology 21 (2): 238-243
FOUGEROLLE Y.D., GRIBOK A., FOUFOU S., TRUCHETET F., ABIDI M.A. 2005, "Implicit Surface 
Modeling using Supershapes and R-functions", Proc. of Pacific Graphics'05, Macao, China, pp. 
169-172, October 2005, PG05.pdf
FOUGEROLLE YD, GRIBOK A., FOUFOU S., TRUCHETET F., ABIDI M.A. 2005. Reconstruction de 
Surfaces par Supershapes et R-fonctions, Actes AFIG'05, Strasbourg, France, 2005, AFIG05.pdf 
FOUGEROLLE YD, GRIBOK A., FOUFOU S., TRUCHETET F., ABIDI M.A. 2007. Rational Supershapes 
for surface reconstruction. 8th International Conference on Quality Control by Artificial Vision. Le 
Creusot, May 23-25, 2007.
FOUGEROLLE YD, TRUCHETET F., GIELIS J. 2009. A new potential function for self intersecting Gielis 
curves with rational symmetries. GRAPP 2009 International Conference on Computer Graphcs and 
Applications. February 5-9, Lisbon, Portugal.
GARDNER M. 1975. A mathematical Carnival. Alfred A. Knoff, New York.
GIELIS J. 1996. Wiskundige supervormen bij bamboes. Newsletter of the Belgian Bamboo Society 
13 (December 2, 1996), 20-26
GIELIS J. 1999. Methods and devices for synthesizing and analyzing patterns using a novel 
mathematical operator. USPTO No 7,620,527 B1. EP1177529 (2005).
GIELIS J. 2001. De uitvinding van de Cirkel. Geniaal, Antwerp, ISBN 90-6215-792-0.
GIELIS J. 2002. Exponent moderation in plants. In: (Kumar A., Rao, I.V.R., Sastry C., Eds.) Bamboo for 
sustainable development. VSP Publishers (Utrecht, Boston, Tokyo).
GIELIS J. 2003a. Inventing the Circle, Geniaal Press, Antwerp.
GIELIS J. 2003b. A generic geometric transformation that unifies a large range of natural and 
abstract shapes. American Journal of Botany 90(3) Invited Special Paper.333-338.
GIELIS J., BEIRINCKX B. & BASTIAENS E., 2003. Superquadrics with rational and irrational 
symmetries. In: (Elber G. and Shapiro V., Eds). Proceedings of the 8th ACM symposium on Solid 
Modeling and Applications, Seattle June 16-20, 2003, 262-265
GIELIS. J. 2004. Variational Superformula curves for 2D and 3D graphic arts. In: (Callaos et al., Eds.) 
Proceedings of 8th World Multi-Conference on Systemics, Cybernetics and Informatics, Volume V 
Computer Science and Engineering, 119-124.
GIELIS J. & GERATS T. 2004. A botanical perspective on plant shape modeling. In: (Savoie M.J. 
et al., Eds.) Proceedings of International Conference on Computing, Communications and Control 
Technologies, August 14-17, Austin, Texas. 265-272.
GIELIS J., HAESEN S. & VERSTRAELEN L. 2005. Universal shapes: from the supereggs of Piet Hein 
to the cosmic egg of George Lemaitre. Kragujevac Journal of Mathematics, Vol 28: 55-67
| 121
O1thesis_tom.indd 121 10:54
#References
GIELIS J., 2009. Geometry of nature: a game of n-cubes. In: . Lestrel P.E., Iwata (Eds). Proc. First 
Symposium on Biological Shape Analysis, Japan, June 2-7, 2009, World Scientific, Singapore. 
GIELIS J., CARATELLI D., HAESEN S., RICCI PE. 2010. Rational mechanics and Science Rationelle 
Unique. In: Paipetis S., Ceccarelli M. (Eds.) The Genius of Archimedes: A world conference. 
Springer Verlag, HMMS Series.
GREEN P B. 1994. Connecting gene and hormone action to form, pattern and morphogenesis: 
biophysical transductions. Journal of Experimental Botany, Vol. 45, 1775-1788.
GREEN P B. 1996. Transductions to generate plant form and pattern: an essay on cause and effect. 
Annals of Botany 78: 269-281.
GREEN P B. 1999. Expression of pattern in plants: combining molecular and calculus-based 
biophysical paradigms. American Journal of Botany 86(8): 1059-1076.
GRIDGEMAN N. T. 1970. Lamé ovals. The Mathematical Gazette 54: 31.
GUITART R. 2009. Les coordonnées curvilignes de Gabriel Lamé, réprésentations des situation 
physiques et nouveaux objects mathématiques. In: Gabriel Lamé: Les pérégrinations d'un ingénieur 
du XIXe siècle. Actes du Colloque. SABIX N°44, October 2009, 119-129.
HAECKEL E. 1904. Kunstformen der Natur. Leipzig.
HAESEN S., KOWALCZYK D. & VERSTRAELEN L. 2009. On the extrinsic principal directions of 
Riemannian submanifolds. Preprint.
HAESEN S., SEBEKOVIC A. & VERSTRAELEN L. 2003. Relations between intrinsic and extrinsic 
curvatures. Kragujevac Journal of Mathematics 25: 139-145.
HAESEN S. & VERSTRAELEN L. 2004. Ideally embedded space-times. Journal of Mathematical 
Physics. 45: 1497-1510.
HARRIS W.F. 1977. Disclinations. Scientific American 237(6), 130-145.
HARRISSON L.G. 1993. Kinetic Theory of Living Pattern. In Cell and Development Series, (Cambridge 
University Press , no. 2.
HEATH T. 1931 A history of Greek Mathematics. Dover Publications (May 1, 1981)
HERSH R. 1999. What is mathematics, really? Oxford University Press, USA, July 8, 1999.
HOPF H. 1983. Differential geometry in the large, Springer Verlag.
HUXLEY J. 1932. Problems of relative growth. Dial Press Edition.
HUXLEY J. 1993. Problems of relative growth. John Hopkins University Press.
JACKLIC A., LEONARDIS A. & SOLINA F. 2000. Segmentation and recovery of superquadrics. Kluwer 
Academic Publisher, Dordrecht, The Netherlands.
JACOBSSON M., FERNAEUS Y., HOLMQUIST E. (2008) GlowBots: Designing and Implementing 
Engaging Human-Robot Interaction. Journal of Physical Agents. Vol 2 N°2, 51-60.
JANNER A. 1997. De Nive Sexangula Stellata. Acta Cryst. A53: 615-631.
JANNER A. 2001. DNA enclosing forms from scaled growth forms of snow crystals. Crystal 
Engineering 4: 119-129.
JANNER A. 2007. Mysterious crystallography: from snowflake to virus. In: Boeykens & Ogilvie; Eds.) 
Models, mystery and magic of molecules. 233-254. Springer.
JEAN R. V. 1994. Phyllotaxis: a systemic study in plant morphogenesis. Cambridge University Press, 
Cambridge, U.K.
JENSEN R. J. 2003. The conundrum of morphometrics. Taxon 52. November 2003, 663-671. 
JOHNSON J.E., STARKEY R.P & LEWIS M.J. 2005. Aerodynamics stability of re-entry heat shield 
shapes for crew exploration vehicle. Journal of Spacecraft and Rockets 43 (4): 721-730 JUL-AUG
122 I Universal Natural Shapes
O1thesis_tom.indd 122 10:54
#2006 (originally presented at 41st AIAA/ASME/SAE/ASEE Joint Propulsion Conf. And Exhibit. 10-13 
July, 2005, Tucson Arizona. AIAA-2005-4112).
JOHNSON J.E., STARKEY R.P & LEWIS M.J. 2006. Aerothermodynamic Optimization of reentry heat 
shield shapes for a crew exploration vehicle. Presented at AIAA Atmospheric Flight Mechanics 
Conference and Exhibit, 21-24 August 2006, Keystone, Colorado (submitted to Journal of Spacecraft 
and Rockets)
JONES M.W., BAERENTZEN J.B. & SRAMEK M. 2006. 3D Distance Fields: A Survey of Techniques 
and Applications, IEEE Transactions on Visualization and Computer Graphics 12 (4): 581-599 JUL- 
AUG 2006.
KAPLAN R. 2001. The science of plant morphology: definition, history, and role in modern biology. 
American Journal of Botany 88(10): 1711-1741.
KIEFER A. 2005. SupergraphX 3D - A Portfolio by Albert Kiefer. SectorA, Venlo, The Netherlands. 
KINDRATENKO V.V., VAN ESPEN PJ.M., TREIGER B.A. & VAN GRIEKEN, R.E. 1996. Characterisation 
of the shapes of microparticles via fractal and fourier analyses of scanning electron microscope 
images. Microchimica Acta, 1996, suppl 13, pp. 355-361.
KITTEL C. 1962. Elementary solid state physics: a short course. John W iley & sons, Inc., New York, 
London.
KLEIN F. Elementary Mathematics from an Advanced Standpoint: Geometry.
KLEIN J. 1966 Greek Mathematical Thought and the Origin of Algebra. Courier Dover Publications, 
1992.
KLINE M. 1953. Mathematics in Western culture. Oxford University Press.
KOENDERINK J. 2007 Image Space. In (Dillen and Van De Woestijne, Eds.) Pure and Applied 
Differential Geometry PADGE 2007. Shaker Verlag, Aachen; 149-157
KOISO M. & PALMER B. 2006. Equilibria for anisotropic surface energies and the Gielis superformula 
(preprint)
KOISO M. 2007. Geometry of surfaces with constant anisotropic mean curvature. In: Dillen F., Simon 
U., Vrancken L. (Eds). Symposium on the Differential Geometry of Submanifolds, Valenciennes, July 
2007: 113-128.
KOISO M., & PALMER B. 2007. Anisotropic capillary surfaces. In: Dillen F., Simon U., Vrancken L. 
(Eds). Symposium on the Differential Geometry of Submanifolds, Valenciennes, July 2007:185-196. 
KOISO M. & PALMER B. 2008. Rolling Construction for Anisotropic Delaunay Surfaces. Pacific J. of 
Math., 2008, no. 2, 345-378
KOISO M., PALMER B. 2008 Equilibria for anisotropic energies and the Gielis Formula (to appear in 
FORMA (Society for Science of Form, Japan).Vol. 23 (1): 1-8.
KRISTALY A., MOROSANU G. & ROTH A. Optimal placement of a deposit between markets: A 
Riemann-Finsler approach. March 2007, Preprint, Central European University.
KUHL F. P & GIARDINA D. R. 1982. Elliptic Fourier features of a closed contour. Computer Graphics 
and Image Processing 18: 236-258.
KURI-MORALES A. 2008. Clustering with an N-dimensional extension of Gielis Superformula. Plenary 
Lecture at AIKED'08, University of Cambridge, Feb. 20-22, 2008.
KURI-MORALES A, BOBADILLA EA 2008. Clustering with an N-Dimensional Extension of Gielis 
Superformula. 7th WSEAS Int. Conf. on ARTIFICIAL INTELLIGENCE, KNOWLEDGE ENGINEERING 
and DATA BASES (AIKED'08), University of Cambridge, UK, Feb 20-22, 2008.
LAGAE A. & DUTRE P 2005. A procedural object distribution function. ACM Transactions on Graphics, 
volume 10, number 24.
123
O1thesis_tom.indd 123 10:54
#References
LAMÉ G. 1818. Examen de differentes méthodes employées pour résoudre les problèmes de 
géometrie. M. V. Courcier imprimeur Libraire. (New Edition 2008 from Editions Gabay).
LAMÉ G. 1859. Leçons Sur Les Coordonnées curvilignes et Leurs Diverses Applications. Mallet- 
Bachelier, Paris.
LAVOUÉ G. 2008. Chapter 1: Basic Background in 3D Object Processing. In: (Dugelay, Baskurt, 
Daoudi; Editors) 3D Object Processing: Compression, Indexing and Watermarking, John W iley & 
Sons, ISBN: 978-0-470-06542-6.
LENJOU K., 2005. Krommen en Oppervlakken van Lamé en Gielis: van de formule van Pythagoras tot 
de superformule. Msc. Thesis, University of Louvain, Dept. of Mathematics.
LIBBRECHT K. 2005. The physics of snow crystals. Reports on Progress in Physics. 68 855-895. 
LIESE, W. 1998. The anatomy of bamboo culms. INBAR Technical Report 18, New Delhi, India.
LIESE W. 2005. De innerlijke schoonheid van bamboehalmen. In: Bambuseae. Stichting Kunstboek/ 
Die innere Schönheit des Bambushalms. In: Bambus, Ulmer Verlag.
LORIA G. 1910. Spezielle algebraische und transzendente ebene Kurven. B.G. Teubner, Leipzig­
Berlin.
LOWE C. J. & WRAY G. A. 1997. Radical alterations in the roles of homeobox genes during echinoderm 
evolution. Nature 389: 718-721.
LUCAS E. 1891. Théorie des nombres. Gauthier-Villars.
LUCCA G. 2004. Modelling starfish surfaces. Visual Mathematics Vol6, N°1.
MAES T., VAN DE STEENE N. VAN MONTAGU M., GERATS T. 1996. Genetics of flower development. 
In (Gielis and Gerats, Eds.) Aspects of morphogenesis of leaves, flowers and somatic embryos. 
Scripta Botanica Belgica 13, 49-63.
MARX G.A. 1983. Developmental Mutants in Some Annual Seed Plants. Annual Review of Plant 
Physiology, June 1983, Vol. 34, Pages 389-417
MATSUMOTO M. 2003. Finsler geometry in the 20th century. In: Antonelli P (ed.) Handbook of Finsler 
Geometry Vol. 1, part 8. Kluwer Academic Publishers.
MAUSETH J.D. 2000. Theoretical aspects of surface-to-volume ratios and water-storage capacities 
of succulent shoots. American Journal of Botany 87(8): 1107-1115.
MCGOWAN D.J. 1885. The square bamboo. The Chinese Recorder (Shanghai)
MCGOWAN D.J. 1889. Square bamboo. Nature 33: 560.
MCLELLAN T. 1993. The roles of heterochrony and heteroblasty in the diversification of leaf shapes 
in Begonia dreigei (Begoniaceae). American Journal of Botany 80: 796-804.
MEINHARDT H. 1998. The algorithmic beauty of sea shells. Springer Verlag, Berlin, Germany. 
MIRON R. 2005. Compendium on the geometry of Lagrange spaces. In (Dillen & Verstraelen, Eds) 
Handbook of Differential Geometry, Volume II. Elsevier/North Holland.
MIRON R., BRANZEI D. 1995. Backgrounds of arithmetic and geometry - An introduction. Series in 
Pure Mathematics Volume 23. World Scientific, Singapore
MISHRA SUDHANSHU K. 2006. On Fitting the Gielis Superformula to Empirical Data . Working Paper 
(May, 2006): Dept. of Economics, NEHU, Shillong (India) - 793022; 11 pages 
MISHRA SUDHANSHU K. 2006. On Estimation of the Parameters of Gielis Superformula from 
Empirical Data Working Paper (May, 2006): Dept. of Economics, NEHU, Shillong (India) - 793022; 
12 pages
MISHRA SUDHANSHU K. 2006. Experiments on Estimation of the Parameters of Gielis Super-formula 
by Simulated Annealing Method of Optimization. Working Paper: Dept. of Economics, NEHU, Shillong 
(India) - 793022
124 I Universal Natural Shapes
O1thesis_tom.indd 124 10:54
#MISHRA SUDHANSHU K. 2006. Some Experiments onFitting of Gielis Curves by Simulated Annealing 
and Particle Swarm Methods of Global Optimization. Working Paper: Dept. of Economics, NEHU, 
Shillong (India) - 79302226.
MISHRA SUDHANSHU K. 2006. A Comparative Study on Fitting of Gielis Curves by Classical versus 
Generalized Simulated Annealing Methods. Working Paper (May, 2006): Dept. of Economics, NEHU, 
Shillong (India) - 793022.
MOLINA-FREANER, F., TINOCO-OJANGUREN C. & NIKLAS K. J. 1998. Stem biomechanics of three 
columnar cacti from the Sonoran desert. American Journal of Botany 85: 1082-1090.
NATALINI P, PATRIZI R., RICCI P 2008. The Dirichlet problem for the Laplace equation in a starlike 
domain of a Riemann surface. Numer. Algor. DOI 10.1007/s11075-008-9201-z.
NICOLIS G. & PRIGOGINE I. 1988. Exploring complexity - an introduction. W.H. Freeman and 
Company, New York.
NIKLAS K.J. 1992. Plant Biomechanics: an engineering approach to form and function. University 
Of Chicago Press, Chicago.
OSSERMAN R. 1990. Curvature in the eighties. Amer. Math. Monthly 97 (1990), 731-756 
OSSERMAN R. 1996. Poetry of the Universe - a mathematical exploration of the cosmos. Anchor 
Books, New York.
PASKO A., ADZHIEV V., SOURIN A. & SAVCHENKO V., 1995. Function Representation in geometric 
modeling: concepts, implementation and applications. The Visual Computer 11: 429-446.
PEANO G. 1999. Geometric calculus. Birkhauser, Boston.
PRUSINKIEWICZ P & LINDENMAYER A.. 1989. The algorithmic beauty of plants. Springer Verlag, 
Berlin, Germany.
RICHARDSON J.S. et al. 2008. RNA Backbone: Consensus all-angle conformers and modular string 
nomenclature. RNA 14:465-481. Published by Cold Spring Harbor Laboratory Press.
RIEMANN B. 1854. Über die Hypothesen, welche der Geometrie zu Grunde liegen. Habilitationsschrift, 
1854, Abhandlungen der Königlichen Gesellschaft der Wissenschaften zu Göttingen 13 (1868) Göttingen. 
English translations by William Kingdon Clifford (Nature Vol VII Nos; 183, 184, pp 14-17, 36, 37) or by M. 
Spivak in: Beyond Geometry - Classic papers from Riemann to Einstein. Dover Publications 2007. 
ROUND, F. E., CRAWFORD R. M., & MANN D. G. 1991. Diatoms. Cambridge University Press, 
Cambridge, U.K.
RUND H. 1992. Finsler geometry and applications (Book Review). Bulletin of AMS vol26 N°1:148-151. 
SAHOO S., RAY N. & ACTON S.T. 2006. Rolling leukocyte detection based on teardrop shape and the 
gradient inverse coefficient of variation. Proceedings of the International Conference on Medical 
Information Visualisation - Biomedical Visualisation (MediVis'06). IEEE
SCHRÖDINGER E. 1940. The general theory of relativity and wave mechanics. Wis- en natuurkundig 
Tijdschrift Xe Deel, 1ste Aflevering, Mei 1940. Toegelaten door de Censuur onder Nr 34; 2-9. 
SHAPIRO V. 2007. Semi-analytic geometry with R-functions. Acta Numerica 16: 239-303 
SHIPMAN P & NEWELL A. C. 2004. Phyllotactic patterns. Physical Review Letter Vol 92, N°16 
SHIPMAN P & NEWELL A. C. 2005. Polygonal planforms and phyllotaxis on plants. Journal of 
Theoretical Biology 236 (2005) 154-197.
SIMEONI M., CICCHETTI R., YAROVOYA., CARATELLI D. 2009. Supershaped dielectric Resonator 
Antenna Antennas and Propagation Society International Symposium, 2009. APSURSI apos;09. IEEE, 
1-5 June 2009: 1-4. DOI 10.1109/APS.2009.5171981
SINNOTT E. W. 1963. The problem of organic form. Yale University Press, New Haven.
125
O1thesis_tom.indd 125 10:54
#References
STEVIN SIMON. The principal works of Simon Stevin, eds. E.J. Dijksterhuis et al., Zeitlinger, 
Amsterdam, 1955-1966. Available in digital form from the Royal Netherlands Academy of Arts and 
Sciences at www.historyofscience.nl.
STRAUSS, R.E. 1993. The study of allometry since Huxley. Introductory essay for the re-publication 
of: Problems o f Relative Growth, J.S. Huxley (1932), pp. 47-75. Johns Hopkins University Press. 
STRUIK D.J. 1933. Outline of a History of differential Geometry (II). Isis Vol.XX, 161-191.
STRUIK D.J. 1961. Lectures on classical differential geometry. Adisson-Wesley, Reading, Mass. 
STRUIK D.J. 1981 The Land of Stevin and Huygens: A Sketch of Science and Technology in the Dutch 
Republic During the Golden Century. Springer, 1981
TAKENOUCHI Y. 1931. Systematisch-vergleichende Morphologie und Anatomie der Vegetationsorgane 
der japanischen Bambus-arten. Mem. Fac. Sci. Agr., Taihoku Imp. Univ., III: 1-60.
TEISSEN G. 2001. Develoopment of floral organ identity: stories from the MADS house. Current 
Opinions Plant Biology 4: 75-85.
TELEMAN K. 2005. On the mathematical work of Gheorghe Tzitzeica. Balkan J. Geom. Appl. 10 N°1, 
59-64.
THOM R. 1988. Structural stability and morphogenesis. Westview Press.
THOM R. 1998 Prédire c'est n'est pas expliquer. Champs Flammarion, Paris.
THOMPSON A.C. 1996. Minkowski geometry, Encyclopedia of mathematics and its applications, Vol. 
63, Cambridge University Press, Cambridge.
TOBLER W. 1972. The hyperelliptical and other new pseudo cylindrical equal area projections. 
Journal of Geophysical Research, 78, 11, 1973, pp. 1753-1759.
TOLMIE J. 2007. Mathematical visualisation in visual, sonic and performing arts. vizNET 2007 
Workshop - Intersections in Visualisation Techniques, 17-19 April 2007, Leicestershire, UK.
TROLL W. 1959. Allgemeine Botanik. Ein Lehrbuch auf vergleichend-biologischer Grundlage. 3rd 
Ed., Ferdinand Elke Verlag, Stuttgart
TSUGANOV I. & SHAPIRO V. 2002. The archictecture of SAGE - A meshfree systems based on RFM. 
SAL 2002-3 Technical Report, University of Wisconsin.
TURK G. & O'BRIEN J.F. 1999. Shape transformation using variational implicit surfaces. The 
Proceedings of ACM SIGGRAPH 99. Los Angeles, California, August 8-13, pages 335-342.
ULRICH W. 2006. Decomposing the process of species accumulation into area dependent and time 
dependent parts Ecological Research 21 (4): 578-585 JUL 2006
VAN OYSTAEYEN F., GIELIS J. & CEULEMANS R. 1996. Mathematical aspects of plant modeling. 
Scripta Botanica Belgica 13: 7-27.
VELHO L., GOMES J. & DE FIGUEIREDO L.H. 2002. Implicit objects in computer graphics. Springer 
Verlag.
VERHULST R. 1982. Nomograms for the Calculation of roots. (Congrès Internationale pour l'Enseignement 
des Mathématiques (CIEM; Belgian subcommittee of ICMI), 193-203.
VERHULST R. 2006. In de ban van de Wiskunde. Uitgeverij Garant, Leuven.
VERSTRAELEN L. 1991. Curves and surfaces of finite Chen type. Geometry and Topology of 
Submanifolds, III, World Scientific, Singapore, 1991, 304-311
VERSTRAELEN L. 2004. The geometry of eye and brain. Soochow Journal of Mathematics. Vol. 30, 
N°3, 376-376.
VERSTRAELEN L. 2004. Universal Natural Shapes. Journal for Mathematics and Informatics of the 
Serbian Mathematical Society 40 (2004), 13-20.
126 I Universal Natural Shapes
O1thesis_tom.indd 126 10:54
#VERSTRAELEN L. 2008. On Natural Geometric Symmetries. Dedicated to the memory of Katsumi 
Nomizu. Differential Geometry and Submanifolds. Departamento de Matemáticas, Universidad de 
Murcia, 18-20 November 2008
VINCENSINI P. 1972. La géométrie différentielle au XlXéme sciécle. Scientia (Rivista di Scienza), 
July-August 1972; 2-44.
VINOGRADOV S., WILSON C. 2007. Scattering of an E-polarized plane wave by elongated cylinder 
of arbitrary cross-section. In: 6th International Conference on Antenna Theory and Techniques. 
17-21 Sept. 2007, 110-112
WAINWRIGHT S. A. 1988. Axis and circumference. Harvard University Press, Cambridge, Mass., 
USA.
WANG S.H. & PAN J.Z. 2006. Integrating and Querying Parallel Leaf Shape Descriptions. Proceedings 
of the 5th International Semantic Web Conference, Athens, GA, US, Nov 5-9, 2006, Springer.
WANG H. 2008. Investigation of trajectories of inviscid fluid particles in two-dimensional rotating 
boxes. Theoretical and Computational Fluid Dynamics Vol 22 N°1 January 2008, 21-35.
WATTS D.J., STROGATZ S.H. 1998. Collective dynamics of 'small-world' networks. Nature vol. 393, 
no6684, pp. 440-442
WEBERLING F. 1989. Morphology of flowers and inf orescences. Cambridge University Press. 
WEBERLING F. 1999. Work and influence of Wilhelm Troll. Systematics and geography of plants 
68: 9-24
WEN TAHUI 1996. The taxonomy and cultivation of Chimonobambusa Makino. The Journal of the 
American Bamboo Society, N° 1 and 2.
WEISSTEIN E.W. 2003. Superellipse. From MathWorld-A Wolfram Web Resource
WENG Y.X. 2004. Growth and form in biology: generation of the plant morphology by spontaneous
symmetry breaking based on a pressure field. Chin. Phys. Letters 21(1):211-214.
WEST G.B., BROWN J.H., ENQUIST B.J. 1997 A general model for the origin of allometric scaling 
laws in biology. Science Vol 276, 122-126.
WEYL H. 1952. Symmetry. Princeton University Press, Princeton, New Jersey, USA.
XIAOJIN ZHU, ROGERS T., QIAN R. AND KALISH C. (2007) Humans perform semi-supervised 
classification too. In Twenty-Second AAAI Conference on Artificial Intelligence (AAAI-07), 
Vancouver CA, July 22-26, 2007.
YAMAGUCHI M. 1977. Estimating the length of the exponential growth phase: Growth increment 
observations on the coral-reef asteroid Culcita novaeguineae. Marine Biology 39: 57-59.
ZHOU L., & KAMBHAMETTU. C. 1999. Extending superquadrics with exponent functions. In: 
Proceedings 1999 IEEE Computer Society Conference on Computer Vision and Pattern Recognition 
II: 73-78.
127
O1thesis_tom.indd 127 10:54
#Equations
128 I Universal Natural Shapes
01thesis_tom.indd 128 10:54
#p(<p) -  3„Po +  X  8iPi c o s n  + X  a,P i s in  (p,
10 /> =
X p, C0S(p.p2 COS0
11 3D -  supershape(p,0) = y = p ,s in p .p 2cos0
z p 2sin0
12
F2 (x,y,z) =1
=  1 -
OP
lo/l
1 2 2 2 x  +  y +  z
p2(cp) y cos2<p.(p,2(e) - D  +  1
ds2 = - d t 2 +  jc ( f ) . 1 + —.(x 2+ y2 +  z2)
_ 4 _
|  .(dx2 +  dy2 +  dz2)
T. T„
A  =  —  +  —  =  Constant
/?, R2
p = a .D F  +  (1 -  a).CF
1
P  = ------------------
(1 +£COS0)
13
14
15
16
17 ( a + b)" = [a "  +  6 ” ] +  modular part
9
129
O1thesis_tom.indd 129 25-02-10 10:54
#List of figures
Figure !.! Thales, Pythagoras, Euclides and Archimedes
Figure !.2 Descartes, Huygens, Newton and Leibniz
Figure 1.3 Power laws: from the small to the very large
Figure 1.4 Founders of modern Riemannian geometry: Gauss, Riemann, Helmholtz and Lamé
Figure 1.5 Hilbert, Minkowski, Carathéodory and Finsler
Figure 1.6 Piet Hein
Figure 2.1: Supercircles
Figure 2.2: Lame-curves
Figure 2.3: Examples of supershapes
Figure 2.4: Some further curves in 2D with equation 3, but with non-integer values for m.
Figure 2.5: Spirals
Figure 2.6: Examples of various abstract shapes.
Figure 2.7: Curves generated from 0 to 2n for different values of m
Figure 2.8: Polygons of non-integer symmetry
Figure 2.9: Morphing a circle into a starfish.
Figure 2.K : Area and moment of inertia are conserved for changing m for fixed exponents
Figure 2.11 : Distance functions and supertrigonometric functions
Figure 2.12: Bird
Figure 2.13: The effect of using negative values for the exponents
Figure 2.14 : Supershapes with symmetry m, either hyperbolic (h) and elliptic (e)
Figure 2.15 : Shapes all defined by two perpendicular supershapes based on equation 11
Figure 2.16 : Some further examples of 3D-supershapes
Figure 3.1 3D Shapes and combinations
Figure 3.2 Examples of variational supershapes with integer and non-integer symmetries
Figure 3.3 User interfaces of Supergraphx (for Illustrator and Photoshop)
Figure 3.4 3D-supershapes and their corresponding planar cross sections
Figure 3.5 Tori, spindle tori and a helix
Figure 3.6 Complex, yet non-intersecting supershapes
Figure 3.7 User interfaces of the Variations and Parameter Effect tools
Figure 3.8 User interfaces for variations of waves
Figure 3.9 Different shapes into specific arrangements
Figure 3.10: Combined shapes (left and right A. Kiefer; superfractal in center by P. Bourke)
Figure 3.11: Potential functions for Rational Gielis Curves
Figure 3.12: Potential functions for Rational Gielis Curves
Figure 4.1: Silphium perfoliatum stem (left) and cross sections of Cissus quadrangula (center) 
and cacti stems 
Figure 4.2: Flower buds
13C I Universal Natural Shapes
01thesis_tom.indd 130 10:54
#Figure 4.3: Orbea variegata and Platycodon grandiflorus flowers prior to flower opening
Figure 4.4: Flowers with ref exed petals forming superpolygons
Figure 4.5: Hydrangea Blue Wave and Marsilea
Figure 4.6: Leaf blades of plants restricted by Superformular distances
Figure 4.7: Leaf types defined by equation 3
Figure 4.8: Phyllotactic patterns
Figure 4.9: Diatoms
Figure 4.1( : Pollen grains
Figure 4.11 : A starfish: Courtesy: Poppe Images
Figure 4.12 : Culcita novaeguineae: Courtesy: Poppe Images
Figure 4.13 : Culcita novaeguineae: Courtesy: Poppe Images
Figure 4.14■: Snow crystals, all with hexagonal symmetry
Figure 4.15 : DNA with integer and non integer symmetries
Figure 4.16 : Superpolygons and supertori in fluids with high viscosity
Figure 4.17 : Spheres in physics: Venus and the Sun
Figure 5.1: Delaunay shapes
Figure 5.2: Examples of Wulff shapes and associated catenoids, unduloids and nodoids
Figure 5.3: A supercatenoid (right) minimizing the anisotropic energy defined by a cube (left) 
among all surfaces having the same boundary
Figure 5.4: Snow crystals and fusion (From Bentley and Humphries, 1932)
Figure 5.5: Types of snowflakes
Figure 5.6: Examples of snowflakes (Libbrecht, 2005)
Figure 5.7: Sealilies
Figure 6.1: Left Pereskia, a leafy cactus. Central: Morphological sequence of fusion (From 
Troll, 1948). Right: Ferrocactus stainesii
Figure 6.2: Sequential cross sections through columnar cacti
Figure 6.3: Left and right: Astrophytum
Figure 6.4: Stapelia grandiflora
Figure 6.5: Various flowers of stapeliads
Figure 6.6: From left to right: Tradescantia, Nicotiana sp., strawberry, Geranium.
Figure 6.7: Example of Huernia flower and Caralluma fre re i(syn: Frerea indica) (right)
Figure 6.8: Black-eyed Susan (Tunberghia alata)
Figure 6.9: The “square" sepals of Hydrangea “Blue Wave" and leaves in Marsilea quadrifolia
Figure 6.1( : Area use efficiency theory in terms of fusion factor a
Figure 6.1' : Area, polar moment of inertia and perimeter in function of fusion factor a  (0 < a  < 1)
Figure 6.12 : Flowers of Orbea variegata
Figure 6.13 : Nectar disc of Hekistocarpa (Rubiaceae)
Figure 6.14■: Supershapes and the curvatures
Figure 6.15 : Left: Sand Dollar. Right: Pentagonal supershape (m = 5; n f = 5, n23 = 3,2:
A = B= 1,7)
Figure 6.16: Nets and networks in animal tissues
131
01thesis_tom.indd 131 10:54
#Epilogue
For my study of natural shapes, more specifically bamboo, I started using the supercir­
cles of Gabriel Lamé around 1994. Three years later, I was able to generalize Lamé’s 
original work into what I called Superformula, generalizing supercircles. Twelve years 
have passed since this discovery, or one decade if taken into account that the first two 
years were spent in isolation and contemplation, except for many discussions with Tom 
Gerats, who became my friend-for-life.
After these two years I founded my company in 1999 to disseminate these ideas in three 
directions: science, technology and education. In 2003 the first major paper was pub­
lished in the American Journal of Botany, on invitation by Karl J. Niklas. The American 
Journal of Botany was recently elected as one of the top ten most influential journals 
over the past century. The title "A generic geometric transformation which unifies a wide 
range o f natural and abstract shapes" expresses the gist of the matter. This publica­
tion attracted a lot of attention, and I still think it was a good timing and (unexpected) 
strategy for dissemination. Since then many have experimented with this new class of 
shapes and surfaces, and interesting results were published, by amongst others Yohan 
Fougerolle, Miyuki Koiso and Bennett Palmer, Angel Kuri-Morales and the mathematics 
group of La Sapienza in Rome (Paolo Ricci and Pierpaolo Natalini) and the engineering 
group in TUDelft (Diego Caratelli).
The title "UniversalNatural Shapes" is borrowed from an article published with Stefan 
Haesen and Leopold Verstraelen in 2005, which introduced the equation into the field 
of true geometers, and also substituted for the name Superformula by the names Gielis 
curves, surfaces, (sub-)manifolds and transformations. In geometry a whole new world 
unveiled and this cooperation eventually led to the Simon Stevin Institute for Geometry 
in 2008 (www.geometryinstitute.org). Two of my main goals, formulated in 1999 have 
been or are being realized.
With my engineering background technology is a third, long-term goal. With many others 
I think our current technology, no matter how advanced, is essentially a bag-of-tricks, 
aimed at deception (which is a major feature of our times and culture). We are working 
towards new applications following the trail of unifying and simplifying, at the same time 
appreciating complexity of nature and life.
The past decade has also been a stage of ripening. In this period I have gained some 
understanding and my education continues everyday. Among others, I was amazed to 
learn about work of Simon Stevin and the vision of Gabriel Lamé of a Science Rationelle
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#Unique, and their impact on contemporary science, and to understand more deeply that 
the foundations of all of what we know today were indeed developed in the period of the 
6th to the 2nd century BC in ancient Greece.
Since then I have come to like the journey as much as the result. This journey has taken 
me from horticulture and plant biotechnology to geometry and brought me into contact 
with many other fields and people. In some sense this journey has come full circle with 
my youth love for Greek philosophy and writing. My education in ancient Greek by 
Father Verstappen taught me first, how to think and reason, and second, how to always 
look with a second eye, beyond the deceptively simple. The current book is conceived 
according to these ancient Greek rules, written or unwritten, and, since it seems most 
appropriate, its structure happens to follow a Euclidean tradition (Heath, 1931). The 
Elements, wrote Pappus in the 4th century, contain the complete and irrefutable guide 
to the scientific study o f the subject o f geometry. The thesis is structured as follows:
Propositio or npóraou; (Chapter 1) exposes what needs to be shown, namely that the 
superformula or Gielis Formula does f t  into a wider framework of the scientific study of 
natural shapes.
Expositio or Ëxdemq (Chapter 2): describes what we have to start with, namely Gielis 
curves, surfaces and transformations
Determinatio or Siopia^óq (Chapters 3 & 4): more details are given than in the Propo­
sitio of what is required to prove, in order to fix our ideas. In this Determinatio we also 
can (as Proclus wrote in Euclid I, quoted in Heath, p 371) investigate “ whether what is 
sought is possible or impossible, and how far it  is practicable and in how many ways" 
In Chapters 3 and 4 examples are given in technology and science, respectively, not only 
for descriptive purposes, but also with respect to the ongoing development of compu­
tational methods.
Constructio or KaraaKsvr¡ (Chapter 5): we add to the exposition certain surfaces studied 
by M. Koiso and B. Palmer, minimizing the anisotropic energy defined by these surfaces. 
This generates a new class of Constant mean curvature surfaces that can be observed 
in nature, and it turns out to be a matter of weighted arithmetic means.
Demonstratio or anóSeifa  (Ch. 6 ): it is then shown how geometric and weighted arithme­
tic means between functions leads to abstract models of flower shape and petal fusion.
Conclusio or avfinépaapia (Ch. 7): it is argued how, working with pure numbers, not 
geometric means, we can study natural shapes and phenomena, in a broad framework 
of Euclidean geometry.
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#A generic geometric transformation that unifies a w ide range of natural and abstract shapes
This book can be read in this way, as a method of proof. Alternatively, it may also be 
appreciated as an existence proof answering the following question: "Can Lamé curves 
be generalized to include any symmetry?' (my original question), or, more generally: 
"Do universal (or almost universa) coordinate systems or transformations exist based 
on Lamé curves which allow for studying form and development o f natural shapes in a 
universal way?" The answer is, in my view, affirmative: Gielis transformations, curves, 
surfaces and (sub-)manifolds describe natural shapes, their development and their evo­
lution.
It opens up new ways of looking at our world and its inhabitants. René Thom wrote: "Les 
progrès scientifiques sont toujours subordonnées à la possibilité d'un instrument mental 
qui permette d'exprimer les correspondances, les régularités des choses." It conti­
nues along the lines of Pythagoras’ and Plato’s legacy to the world (D’Arcy Thompson, 
1917):"So the living and the dead, things animate and inanimate, we dwellers in the world 
and the world in which we dwell - n a v ra  y a  ¡ lù v  ra  y iyva aK Ó ^e va  - are bound alike 
by physical and mathematical law".
As for the second eye, it is not only my intention to propose a simple model to study 
nature, as an alternative to other models. It also provides for a second eye on our cur­
rent state of science, based mainly on geometric means. It does not, however, assume 
that the world is simple. Saul Bellow wrote (Ravelstein): "Under the debris o f modern 
ideas the world was still there to be rediscovered. And his way o f putting it was that the 
gray net of abstraction covering the world in order to simplify and explain it in a way that 
served our cultural ends has become the world in our eyes".
My sincerest thanks go to Tom Gerats and to Pol Verstraelen for their continuing sup­
port and guidance, to Bert Beirinckx, collaborator of the first hour, to the members of 
the reading committee and the jury and to the many people who have supported me in 
the past ten years, in good and in bad times; Paul Goetghebeur, Pierre Debergh, Walter 
Liese, Bennett Palmer, Jan Oprins, Jan Haans, Carlo Korssen, Erik Poelen, Frans Crols, 
Ian Clemmer and many others. This book is dedicated to my family, for their enduring 
support and patience.
àXXù Tqv pèv nX e îç ra  iSovaav e ia  yo v tjv  àvSpòq yevqaopévov  
quXoaótyov r j ÿtXoKâXov  
(Plato, Phaedrus)
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#SYNOPSIS
To study forms in plants and other living organisms I present 
a unifying geometrical approach for describing various 
abstract, natural and man-made shapes. Starting from Lame's 
superellipses and supercircles, a large variety of shapes can be 
described by a single geometrical equation.
The title ’Universal Natural Shapes' relates to the fact that 
these shapes occur at all levels in nature. This provides a 
descriptive basis for a larger geometrical theory of shape and 
morphogenesis of what dwells in the world and the world 
wherein w e dwell.
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